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Motzkin numbers

The Motzkin numbers sequence {Mn}∞n=0, whose first ten terms
are

1,1,2,4,9,21,51,127,323,835,

was introduced by T. Motzkin, while counting possible sets of
nonintersecting chords joining some of n points on a circle.

M4 = 9
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Motzkin numbers

The Motzkin numbers sequence {Mn}∞n=0, whose first ten terms
are

1,1,2,4,9,21,51,127,323,835,

was introduced by T. Motzkin, while counting possible sets of
nonintersecting chords joining some of n points on a circle.

M5 = 21
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Motzkin numbers
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Motzkin numbers

We can compute M0 = 1 and

Mn = Mn−1 +
n−2∑
k=0

MkMn−k−2.

There are many different combinatorial objects counted by this
sequence. We are interested in Motzkin paths.
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Motzkin paths

Definition

A Motzkin path of length n is a lattice path in Z2 from (0,0) to
(n,0) that never runs below the x-axis and whose permitted
steps are the up diagonal step (1,1), the down diagonal step
(1,−1), and the horizontal step (1,0).
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Motzkin paths

The number of Motzkin paths of length n is given by the
Motzkin number Mn.
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Notation

We consider:
q a prime power and n ≥ 2 a positive integer,
Fq the finite field with q elements,
Fn

q the n-dimensional vector space over Fq,

Gq(k ,n), the Grassmannian of dimension k for 1 ≤ k ≤ n .
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Constant dimension codes

Given subspaces U ,V ∈ Gq(k ,n), their injection distance is

dI(U ,V) = k − dim(U ∩ V).

Definition

A constant dimension code C in Gq(k ,n) is a nonempty set of
k -dimensional subspaces of Fn

q. Its minimum (injection)
distance is

dI(C) = min{dI(U ,V)| U ,V ∈ C, U ̸= V}

and it takes values in {0,1, . . . ,min{k ,n − k}}.

Introduced by Koetter and Kschischang in 2008.
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Flags

Definition

A flag of length r on Fn
q is a sequence

F = (F1, . . . ,Fr )

of Fq-subspaces of Fn
q satisfying

{0} ⊊ F1 ⊊ F2 ⊊ · · · ⊊ Fr ⊊ Fn
q.

The increasing sequence of dimensions

(dimq(F1), . . . , dimq(Fr ))

is called the type of F . If it is (1,2, . . . ,n − 1), F is a full flag.
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Flag distance

Given flags F = (F1, . . . ,Fr ) and F ′ = (F ′
1, . . . ,F ′

r ) of type
(t1, . . . , tr ) on Fn

q, their flag distance is

df (F ,F ′) =
r∑

i=1

dI(Fi ,F ′
i ).
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Flag codes

Definition

A flag code C on Fn
q is a nonempty collection of flags of the

same type. Its minimum distance is

df (C) = min{df (F ,F ′) | F ,F ′ ∈ C, F ̸= F ′}.

Introduced by Liebhold, Nebe and Vázquez-Castro in 2018.
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Distance vectors: how to spread the flag distance

We always have

0 ≤ df (C) ≤ D(t ,n) =

 ∑
ti≤⌊ n

2⌋
ti +

∑
ti>⌊ n

2⌋
(n − ti)

 .

When working with full flags,

0 ≤ df (C) ≤ Dn =

⌊
n2

4

⌋
=

{
n2

4 if n is even,
n2−1

4 if n is odd.
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Projected codes of a flag code

C a flag code⇝ associated constant dimension codes

Definition

Let C be a flag code of type (t1, . . . , tr ) on Fn
q. For every index

i ∈ {1, . . . , r}, the i-projected code of C is the set of i-th
subspaces Ci = pi(C) where

pi : Gq(t1,n)× · · · × Gq(tr ,n) → Gq(ti ,n)

is the i-th projection.
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Question

Relationship between...
a flag code C and its projected codes Ci ⊆ Gq(ti ,n)

Concerning the size: |Ci | ≤ |C|.
Concerning the distance: it could happen that

dI(Ci) > df (C), dI(Ci) < df (C), dI(Ci) = df (C).

Main difficulty: A flag distance value can be obtained as a sum
from different combinations
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Question

Example

Let {e1,e2,e3,e4,e5,e6} be the standard basis of the Fq-vector
space F6

q. Consider the flag code C of type (1,3,5) on F6
q given

by the set of flags:

F1 = (⟨e1⟩, ⟨e1,e2,e3⟩, ⟨e1,e2,e3,e4,e5⟩),
F2 = (⟨e5⟩, ⟨e4,e5,e6⟩, ⟨e1,e2,e4,e5,e6⟩),
F3 = (⟨e6⟩, ⟨e4,e5,e6⟩, ⟨e2,e3,e4,e5,e6⟩),
F4 = (⟨e2⟩, ⟨e2,e5,e6⟩, ⟨e2,e3,e4,e5,e6⟩).

Observe that it holds:

df (F2,F3) = 1 + 0 + 1 = 2 = 1 + 1 + 0 = df (F3,F4).
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Distance vectors: how to spread the flag distance

To totally capture the relative position of two flags, we need to
provide more precise information beyond the distance value.

Definition

Given two different flags F ,F ′ of type t = (t1, . . . , tr ) on Fn
q,

their associated distance vector is

d(F ,F ′) = (dI(F1,F ′
1), . . . ,dI(Fr ,F ′

r )) ∈ Zr .
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Distance vectors: how to spread the flag distance

Question
How many possible distance vectors could correspond to a
given couple of arbitrary full flags F , F ′ on Fn

q, that is, what is
the cardinality of the set

D(n) = {d(F ,F ′) |F ,F ′ full flags on Fn
q} ⊆ Zn−1.

Clementa Alonso-González Motzkin Numbers and Flag Codes



Motzkin numbers Flag codes Distance vectors The bijection Applications

Allowed distance combinations

Theorem (A-G. and Navarro-Pérez, 2022)
Put δ0 = δn = 0 and consider integers δ1, . . . , δn−1 ≥ 0. Then,
there exists a couple of full flags F , F ′ such that

dI(Fi ,F ′
i ) = δi

if, and only if,
δi − δi−1 ∈ {−1,0,1},

for all 1 ≤ i ≤ n.
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The bijection

Theorem (A-G. and Navarro-Pérez, 2022)

Given n ≥ 2, there is a bijection Ψ between the set of possible
distance vectors D(n) and the set of Motzkin paths Mn.

Proof:

D(n) Ψ−→ Mn
(δ1, . . . , δn−1) 7−→ {(0, δ0), (1, δ1), . . . , (n − 1, δn−1), (n, δn)}.
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Graphically...

Given full flags F , F ′ with dI(Fi ,F ′
i ) = δi and fix δ0 = δn = 0.

Plot the points (i , δi) in Z2 for 0 ≤ i ≤ n.
Match them to draw the Motzkin path MF ,F ′ .
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The bijection

Consequence

Distance vectors give Motzkin paths and conversely.
The number of possible flag distance combinations for full
flags on Fn

q is exactly the n-th Motzkin number.

This is a new appearence of the Motzkin numbers sequence!
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The bijection

Important remark!

The area of the region determined by MF ,F ′ and the abscisa
axis is equal to the flag distance df (F ,F ′)...

The area under MF ,F ′ is 12.
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Distance vectors of a flag code

Definition

Given a full flag code C on Fn
q, its set of distance vectors is

defined as

D(C) = {d(F ,F ′) | F ,F ′ ∈ C, df (F ,F ′) = df (C)}.
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Distance vectors of a flag code

Example

Let {e1,e2,e3,e4} be the standard basis of F4
q. Take C given by

F1 = (⟨e1⟩ , ⟨e1,e2⟩ , ⟨e1,e2,e4⟩),
F2 = (⟨e1⟩ , ⟨e1,e3⟩ , ⟨e1,e2,e3⟩),
F3 = (⟨e2⟩ , ⟨e2,e3⟩ , ⟨e1,e2,e3⟩).

Notice that

df (F1,F2) = 0 + 1 + 1 = 2,
df (F1,F3) = 1 + 1 + 1 = 3,
df (F2,F3) = 1 + 1 + 0 = 2.

Hence, df (C) = 2 and

D(C) = {(0,1,1), (1,1,0)}.
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Distance vectors of a flag code

Question

What is the maximum number of distance vectors associated
with a full flag code C on Fn

q with prescribed minimum distance?
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The Motzkin paths of a flag code

Definition

Given a full flag code C on Fn
q, its set of Motzkin paths is

defined as
M(C) = Ψ(D(C)).
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The Motzkin paths of a flag code

Equivalent question

What is the maximum number of Motzkin paths of a full flag
code C on Fn

q with prescribed minimum distance?

Clementa Alonso-González Motzkin Numbers and Flag Codes



Motzkin numbers Flag codes Distance vectors The bijection Applications

The Motzkin paths of a flag code

Equivalent question

What is the maximum number of Motzkin paths of a full flag
code C on Fn

q with prescribed minimum distance?
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The Motzkin paths of a flag code

Theorem (A-G. and Navarro-Pérez, 2022)

Let C be a full flag code on Fn
q such that

|C| = |C1| = · · · = |Cn−1|,

then M(C) only contains elevated Motzkin paths.

The converse is not true!
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The Motzkin paths of a flag code

Theorem (A-G. and Navarro-Pérez, 2022)

Let C be a full flag code on Fn
q. They are equivalent:

1 df (C) = Dn (C is of maximum distance).
2 The set M(C) consists of the only Motzkin path passing

either through the point (n
2 ,

n
2), if n is even, or through the

points (
⌊n

2

⌋
,
⌊n

2

⌋
) and (

⌈n
2

⌉
,
⌊n

2

⌋
), if n is odd.
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The Motzkin paths of a flag code
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The Motzkin paths of a flag code

Consequence:

Any ODFC C of full type is completely determined by just one or
two of its projected codes. More precisely:

C is an ODFC ⇔ C n
2

(n even) or C⌊ n
2⌋, C⌈ n

2⌉ (n odd) are
maximum distance constant dimension codes with size |C|.
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Thank you very much for your attention!
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