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REMARK
Every graph | = (X, R) mentioned in this work is considered to be

finite, non-trivial, simple, undirected and connected.




EXAMPLE
Let [ = (X, R) be the simple graph with X = {1,2,3,4,5,6,7} and
R ={{1,2},{1,3},{1.4},{2.5},{3.5} . {4,6} ., {4,7}}.
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MOTIVATION




Main Motivation

Let [ be a graph and let (; denote a certain algebraic object.

QUESTION

What could we say about the combinatorial properties of [, if we know
that G has certain algebraic properties?




Main Motivation

QUESTION

What could we say about the algebraic properties of G, if we know that
| has certain combinatorial properties?




The algebraic object

Terwilliger algebra of a graph
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PRELIMINARIES




Terminology and Notations

Let | = (X, R) be agraph and letx, y € X.

o The distance between x and y, denoted d(x, y), is the length of a
shortest xy-path.

O The eccentricity of x is the greatest distance between x and any

other vertex. That is, €(x) := max d(x, 7).
zeX

o Fori & Z, the collection of all vertices which are at distance ( from
vertex x is represented by | ;(x). We abbreviate [ (x) = [ 1(x).

O The collection of all the subsets [ ;(x), for 0 < i < €(x), makes up
a partition of the vertex set X which is called the distance partition
of [ relative to x.



Terminology and Notations

Let [ = (X, R) be a graph and let C denote the complex number field.

O

The C-algebra consisting of all matrices whose rows and columns
are indexed by X and whose entries are in C is denoted by Matx (C)

The standard module, indicated by V = CX, Is the vector space
over C consisting of column vectors whose coordinates are indexed
by X and whose entries are in C.

The vector space V is endowed with the Hermitian inner product
(-,y: V x V — Cthatsatisfies (u, v) = u'vforu,v € V,where t
means transpose and — symbolises complex conjugation.

Fory € X, lety € V be the vector with a 1 in the y-coordinate and
zeros everywhere else.

Note that the set {{j : y € X'} is an orthonormal basis for V.
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The dual idempotents of |




Terminology and Notations

Let [ = (X, R) be a graph and let C denote the complex number field.

o Fixx € X. Foreveryintegeri,0 < i < €(x), the i-thdualidempotent
of | withrespectto x is the diagonal matrix £ := £/ (x) € Maty(C)
with (y, y)-entry given as follows:

Wi Ay =
(E")W{ 0 if d(x,y) i,

o The adjacency matrix of [ is the matrix A := A(l) & Maty(C)
where, for every x, y € X, the (x, y)-entry is defined as follows:

{ 1 0f dxy) =1,

Ay = _
if dx, y)+1.



Terminology and Notations

DEFINITION (TERWILLIGER, 1992.)

The Terwilliger algebra of [ with respect to x is considered to be the
subalgebra I := [ (x) of Maty(C) generated by the adjacency matrix A
of [ and the dual idempotents of [ with respect to x:

T — <A,E§,---,E*,---,Ej(x)>.

l

Algebra [ is finite dimensional and semisimple.
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Terminology and Notations

Let| beagraphandlet | := T(x)the Terwilligeralgebra of [ with respect
to x.

o A T-module is a subspace W of V which is B-invariant for every
bel.

o A T-module W is irreducible whenever W is non-zero and W con-
tains no [ -modules other than 0 and W.

O It turns out that any /-module is orthogonal direct sum of irre-
ducible 7-modules.



Terminology and Notations

Let| beagraphandlet / := T(x)the Terwilligeralgebra of [ with respect
to Xx.

o Each irreducible 7-module W is orthogonal direct sum of the non-
vanishing subspaces £W, where 0 < i < €(x):

W=EW+ -+ ESW+- -+ EL W
o Ascalar r := r(W/) is the endpoint of W/ if
r=minf{i:0<i<elx), E;W+0}.

O The [-module W is called thin whenever the dimension of £ W is
at most 1 for 0 < i < €(x).



IRREDUCIBLE [ -MODULES WITH ENDPOINT 0




The trivial /-module

Let [ be the Terwilliger algebra of [ with respect to x. Let W denote an
irreducible T-module with endpoint 0. Then,

O There exists a nonzero vector w & E{)k W .
THEN W= E:N tok Somt S e W. THeceeFore ,

+ * * *
Ea\h‘: EoEaIS = Ea'sz-w (E:Eo*:Eo*)

O We know that w = Z a, y for some scalars o, € C.

yeX

* * A E*/\ _ X ;(‘

W= E.Ww= 2 Xy Ev§ = Xx. ESR = Xx.
4ex

o We thus have w = Ejw = a, X with a, # 0.



o This shows X = a Eiwandso,x € EfW C W.

X
AN
X = E:(_LW) € c2W
Ne—\—

LW
o Since Wisa I-module, W is B-invariant for every B & .

LeW = BRewW T AL BeT

o This implies that Bx € W for every matrix B € T.
o Theset [x:={B%:B & T} C Wisanon-zero T-module.

T HeRerorg /

Ik=W.

DEFINITION

The trivial / -module is the unique irreducible 7-module with
endpoint 0. Namely, the set Tk .= {BXx: B & T}.



The lowering, flat and raising matrices

Let[ = (X, R) be a graph. Fixx &€ X and consider the Terwilliger Algebra
[ of | with respect to x. Let d = €(x).

DEFINITION

Define matrices [ = L(x), F = F(x) and R = R(x) in Maty(C) by

d d d—1
L= E'AE, F=) EME, R=) E}NAE".
i=1 =0 (=0

We refer to [, F and R as the lowering, the flat and the raising matrix

with respect to x, respectively. Note that [, F, R € [. Moreover, we
havethat F=F' R=L"andA=L+F+ R



The lowering, flat and raising matrices
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Example: study the module T1
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Vectors R11 (0 < i < 2)
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Example: study the module T1
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Example: study the module T1
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Let[ = (X, R) be agraph. Fixx € X and consider the Terwilliger Algebra
[ of [ with respect to x.

QUESTION

How the module structure of [ and certain combinatorial properties of
| are related?




Let = (X, R) be agraph. Fixx & X and consider the Terwilliger Algebra
[ of [ with respect to x.

QUESTION

s there any way to study the trivial module T'x from a combinatorial
point of view?




Local Distance-Regularity




Local Distance-Regularity




Local Distance-Regularity




Local Distance-Regularity

[y (y) N Ty(x)



Local Distance-Regularity

[y (y) N Ty(x)



Local Distance-Regularity

Pick x € X. Suppose that y &€ [ ;(x) for some 0 < i < €(x). Then, the
following numbers are defined:

ai(x, y) = (L) N Tag)] . bilx, y) = |Figalx) N Ta(y)],

cilx, y) = i) N T(y)]-

DEFINITION (GODSIL AND SHAWE-TAYLOR, 1987.)

A vertex x € X is distance-regularized (or [ is distance-regular
around x), if for x € X, the numbers a;(x, y), bi(x, y) and c;(x, y) do not
depend on the choice of y & I j(x) for every 0 < i < €(x).

In this case, the numbers a;(x, y), bi(x, y) and c¢;(x, y) are simply denoted by
a;(x), bi(x) and ¢;(x) respectively, and are called the intersection numbers of x.



Local Distance-Regularity

DEFINITION

o A distance-regularized graph is considered to be a connected graph
In which every vertex is distance-regularized.

o A distance-regular graph is a distance-regularized graph where all
Its vertices have the same intersection numbers.

o A distance-regularized graph is said to be distance-biregular if the
following hold:

o Itis bipartite.

o Vertices in the same color partition have the same intersection
numbers.

o Vertices in different color partitions have different intersection
numbers.

THEOREM (GODSIL AND SHAWE-TAYLOR, 1985)

Every distance-regularized graph is either distance-regular or
distance-biregular.



Let[ = (X, R) be agraph. Fixx & X and consider the Terwilliger Algebra
[ of [ with respect to x.

QUESTION

Is there any relation between local distance-regularity and the trivial
[-modules of [ ?




Let[ = (X, R) be agraph. Fixx &€ X and consider the Terwilliger Algebra
[ of [ with respect to x.

THEOREM (TERWILLIGER, 1993)

If [ is distance-regular around x then the /-module [ X is thin.




Let] = (X, R) be agraph. Fixx & X and consider the Terwilliger Algebra
[ of [ with respect to x.

QUESTION

If the trivial /-module /X is thin, is [ distance-regular around x?







EXAMPLE

Let I— = (X, R) be the simple graph with X = {1,2,3,4,5,6,7} and
= 2l o 1, 3] o {1 4) o 12,5 o (3, 3 o 4B o 4, 7§

The trivial T1 is thin. However, [ is not distance-regular around 1.



Let[ = (X, R) be a graph. Fixx € X and consider the Terwilliger Algebra
[ of [ with respect to x.

THEOREM (TERWILLIGER, 1993)

The following statements are equivalent:
1. | is distance-regularized.

2. For every x € X, the collection of all the vectors

si(x) = Z U (0 < i < elx)),

yeli(x)

is a basis of the trivial [ (x)-module.

3. Forevery x € X, the trivial 7 (x)-module is thin.

If the above conditions hold, then [ is either distance-regular or
distance-biregular.



Main Motivation




PROBLEM
Find a combinatorial property of [ which is equivalent to the

property that the trivial T-module X is thin.




Local Pseudo Distance-Regularity

Let[ = (X, R) be agraph. Fixx & X and consider the Terwilliger Algebra
[ of [ with respect to x.

THEOREM (FIOL, GARRIGA, 1999)

The trivial T-module [x is thin if and only if [ is pseudo
distance-regular around x.

< v,// < ¢ | \\..// & v -
"
[ W St -



Local Pseudo Distance-Regularity

[y (y) NTy(x)

Let v = (Vy, .. ., Uy, - - - v,)! be a Perron-Frobenius vector of A.



Local Pseudo Distance-Regularity

..... Uy, . ... Uz)
() [ip1(x)
Y
Ii(y) NTy(x)
y




Local Pseudo Distance-Regularity




Local Pseudo Distance-Regularity




Local Pseudo Distance-Regularity

Pick x € X. Suppose that y & [ ;(x) for some 0 < i < €(x). Then, the
following numbers are defined:

oy =y = bly= Y

zel(y)nrix) 7 zel(y)Nia(x) 7

Gy)= Yy =

zely(y)nliq(x) Y

DEFINITION (FIOL, GARRIGA AND YEBRA, 1996.)

A vertex x € X is pseudo-distance-regularized (or [ is
pseudo-distance-regular around x), if for x € X, the numbers
a;(x,y), bi(x, y) and ¢ (x, y) do not depend on the choice of y & [ ;(x)
for every 0 < i < €(x).



Consider v = (3 /5 /5 v/5 2 1 1)t. Let's find the value bj(1).

[o(1) I'(1) ['a(1)

2 5!
3 6
4 .7
* Ux 2 * Us 2
1( ) Vs 5 1( y ) U3 \/g)
* Vg + U7 2
b1(1,4) = s j— ﬁ
. 2
bi(1) = %




EXAMPLE

Let [ = (X, R) be the simple graph with X = {1,2,3,4,5,6,7} and
GE=H 5 2SI IS 205 R SIS 46 [ 47

To(1)  Tu(1)  Ts(1)

(o) |

2
1 4 3
4

® 1% = *wn

7

[ is pseudo distance-regular around 1.
The trivial module 71 is thin.
[ is not distance-regular around 1.

THEOREM (F1OL, GARRIGA, 1999)

The trivial /-module /X is thin if and only if [ is pseudo
distance-regular around x.



Let[ = (X, R) be agraph. Fixx &€ X and consider the Terwilliger Algebra
[ of [ with respect to x.

Find a PURELY combinatorial property of [ which is equivalent to the
property that the trivial T-module /X is thin.




The shape of a walk with respect to a given vertex

Let [ = (X, R) denote a finite, simple and connected graph.

DEFINITION

Pickx,y,z € XandletP =y =xp,x1, ..., X; = z|denote a yz-walk.
The shape of P with respect to x is a sequence of symbols tf, ... t,

where t; € {f, ¢, r}, and such that

o if d(x, x) = d(x, xi—q) + 1,
=< f if dlx,x)=0(x xi_1), (1<i<y).
0 if dx, x) = d(x, xi—1) — 1,

We use exponential notation for shapes containing several consecutive
identical symbols. For instance, instead of rrrrffff0r we simply write
4¢3 2
r'f2oer.



The lowering, flat and raising matrices

Let[ = (X, R) be a graph. Fixx &€ X and consider the Terwilliger Algebra
[ of | with respect to x. Let d = €(x).

DEFINITION

Define matrices [ = L(x), F = F(x) and R = R(x) in Maty(C) by

d d d—1
L= E'AE, F=) EME, R=) E}NAE".
i=1 =0 (=0

We refer to [, F and R as the lowering, the flat and the raising matrix

with respect to x, respectively. Note that [, F, R € [. Moreover, we
havethat F=F' R=L"andA=L+F+ R



Walks of a certain shape

F()(ZL’) Fi_l(ili) FZ(Z') Fi+1($) Fd(m)
Y
/ T ——
N T

A yz-walk in [ of shape ¢r°¢fr with respect to x.



Walks of a certain shape

F()(ZL’) Fi_l(ili) FZ(Z') Fi+1($) Fd(m)

Y

\

\
J—

For an integer i (0 < i < d)and y € [;(x), let r'7¢(y) denote the
number of xy-walks in [ of shape rt1e with respect to x.



Walks of a certain shape

F()(ZL’) Fi_l(ili) FZ(Z') Fi+1($) Fd(m)

For an integer i (0 < i < d)and y € I'(x), let r'f(y) denote the number
of xy-walks in I of shape r'f with respect to x.



Walks of a certain shape

F()(ZL’) Fi_l(ili) FZ(Z') Fi+1($) Fd(m)

For an integer i (0 < i < d)and y € I';(x), let r'(y) denote the number
of xy-walks in [ of shape r' with respect to x.






A combinatorial condition

FQ(.T) FZ_1<ZIZ> FZ<CC> Fi+1<$> Fd<£€)
y\
A ==

For every integer i (0 < i < d) there exist scalars ¢;, such that for every
y € Ii(x) we have r'™'2(y) = a; r'(y).



A combinatorial condition

FQ(.T) FZ_1<ZIZ> FZ<CC> Fi+1<$> Fd<£€)
Y
N ..

For every integer i (0 < i < d) there exist scalars B;, such that for every
y € [i(x) we have r'f(y) = B; r'(y).






The result we wanted!

THEOREM 1 (FERNANDEZ, MIKLAVIC, 2022)

Let [ = (X, R) be a graph. Fix x € X and let d = ¢(x). Consider the

Terwilliger Algebra T of [ with respect to x. The following (1)-(3) are
equivalent:

1. TX is thin.
2. | is pseudo distance-regular around x.

3. Foreveryinteger i (0 < i < d) there exist scalars a;, f;, such that
forevery y & | i(x) the following hold:

rey) = a r'y), r'fly) = Bir'(y).

In particular, if the above equivalent conditions (1)-(3) hold, then the set
IRX |0 < i< d}isabasis of Tx.



EXAMPLE

Let I— = (X, R) be the simple graph with X = {1,2,3,4,5,6,7} and
= 2o 1, 3] o {1 4) o 12,5 o (3, 3 o 4B o 4, 7§

To(1) I (1) (1)

\)
(@p)

2 5
5 1 4 3 §
4 7

7

The trivial module TT Is thin.

The combinatorial condition
F(y) = a; ri(y), forevery y € [i(x) (0 < i < 2),

holds with ag = 3, &y = 2 and a3 = 0.
Therefore, the trivial /-module 71 is thin.



re(y) = a; r'ly), forevery y € Fifx) (0 < i < 2)

FR (x) = Ko. = 70D

Notice [1,2, 1], [1, 3, 1], [1, 4, 1] are all the walks of the shape r¢ with
respect to 1. So, for i = 0 we observe r°(x) = 1 and r/{(x) = 3.
Then, the above equation holds with ap = 3.

[o(1) I'y(1) [5(1)




re(y) = a; r'ly), forevery y € Fifx) (0 < i < 2)

Tor iz2 We Nesd ™ Ciek THAT

FS«Q(@ - X3 . rZ(\@ For ALl Y& M 0D
WE ©oBsSeREe TwAT [ 39 (tp —o tOor AL c.a e 00D
MOR€0V€‘¢| sz;ﬂ >0 Yor ALl Y efz2x) -

We Thus HAE  THAT Xz = O-



re(y) = a; r'ly), forevery y € Fifx) (0 < i < 2)

?OR i=41 We Need T° Ciete THAT

FZ,Q(@ = X, .Ff\@ For AlLL Y€ PRy

Notice [1,2,5,2],[1,3,5, 2] are all the 1,2-walks of the shape r?¢
with respect to 1.

Notice [1,2,5,3],[1,3.5,3] are all the 1,3-walks of the shape r?/
with respect to 1.

Notice [1,4,6,4],[1,4,7,4] are all the 1,4-walks of the shape r?/
with respect to 1.

So, for every y € I'1(x), we have r?/(y) =2 and r(y) = 1. Then,
the above equation holds with a1 = 2.



A consequence

Let [ = (X, R) be a graph. Fix x € X and consider the Terwilliger
Algebra [ of [ with respect to x.

COROLLARY (TERWI LLIGER, 1993)

If [ is distance-regular around x then 7 x is thin.




Assume that [ is distance-regular around x.

F()(ZIf) FZ'_1<QZ> FZ($> Fi—kl(x)

For every integer ( (0 < i < d)and y € | {(x), we have

fy) =1 [
j=1




Assume that [ is distance-regular around x.

Fo() [ii(x) () Fipi(x

\

For every integer i (0 < i < d)and y & [ (x), we have

r () = bi(x)ciq(x |_‘ cj(x




Assume that [ is distance-regular around x.

For every integer ( (0 < i < d)and y € | {(x), we have

rffly) = ailx)| | ¢lx).
j=1




Then, forevery y & | (x) (0 < i < d) we have:

fly) = a0 ] o) = alirty)

j=1

Therefore, for every y & [;(x) we have that r'*'¢(y) = a;ri(y) and
r'f(y) = Bir'(y) with a; = bi(x)ciy1(x) and B; = a;(x). By Theorem 1, the
trivial T-module Tx is thin.



A construction
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THANK YOU!



