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R�����
Every graph Γ = (X �R) mentioned in this work is considered to be

finite, non-trivial, simple, undirected and connected.






























































R�����
Every graph Γ = (X �R) mentioned in this work is considered to be

finite, non-trivial, simple, undirected and connected.






























































E������
Let Γ = (X �R) be the simple graph with X = {1� 2� 3� 4� 5� 6� 7} and

R = {{1� 2} � {1� 3} � {1� 4} � {2� 5} � {3� 5} � {4� 6} � {4� 7}}.
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Main Motivation

Let Γ be a graph and let G denote a certain algebraic object.

Q�������
What could we say about the combinatorial properties of Γ, if we know

that G has certain algebraic properties?






























































Main Motivation

Q�������
What could we say about the algebraic properties of G , if we know that

Γ has certain combinatorial properties?






























































The algebraic object

Terwilliger algebra of a graph
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Terminology and Notations

Let Γ = (X �R) be a graph and let �� � ∈ X .
◦ The distance between � and �, denoted ∂(�� �), is the length of a
shortest ��-path.

◦ The eccentricity of � is the greatest distance between � and any
other vertex. That is, �(�) := max�∈X ∂(�� �)�

◦ For � ∈ Z, the collection of all vertices which are at distance � from
vertex � is represented by Γ�(�). We abbreviate Γ(�) = Γ1(�).

◦ The collection of all the subsets Γ�(�), for 0 ≤ � ≤ �(�), makes up
a partition of the vertex set X which is called the distance partition
of Γ relative to � .






























































Terminology and Notations

Let Γ = (X �R) be a graph and let C denote the complex number field.

◦ The C-algebra consisting of all matrices whose rows and columns
are indexed by X and whose entries are inC is denoted byMatX (C)

◦ The standard module, indicated by V = CX , is the vector space
over C consisting of column vectors whose coordinates are indexed
by X and whose entries are in C.

◦ The vector space V is endowed with the Hermitian inner product
�·� ·� : V × V → C that satisfies ��� �� = ��� for �� � ∈ V , where �
means transpose and − symbolises complex conjugation.

◦ For � ∈ X , let �� ∈ V be the vector with a 1 in the �-coordinate and
zeros everywhere else.

◦ Note that the set {�̂ : � ∈ X} is an orthonormal basis for V .
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The dual idempotents of Γ

x · · · y· · · · · ·

�0(x) �i�1(x) �i(x) �i+1(x) �d(x)

�1(y) \ �i(x)

...

...

...

...

...

......

...

E⇤
0(x) E⇤

i�1(x) E⇤
i (x) E⇤

i+1(x) E⇤
d(x)· · · · · ·






























































Terminology and Notations

Let Γ = (X �R) be a graph and let C denote the complex number field.

◦ Fix � ∈ X . For every integer �, 0 ≤ � ≤ �(�), the �-th dual idempotent
ofΓwith respect to � is the diagonal matrixE∗� := E∗� (�) ∈ MatX (C)
with (�� �)-entry given as follows:

(E∗� )�� =
�

1 if ∂(�� �) = ��
0 if ∂(�� �) �= ��

◦ The adjacency matrix of Γ is the matrix A := A(Γ) ∈ MatX (C)
where, for every �� � ∈ X , the (�� �)-entry is defined as follows:

A�� =
�

1 if ∂(�� �) = 1�
0 if ∂(�� �) �= 1�






























































Terminology and Notations

D�������� (T����������, ����.)

The Terwilliger algebra of Γ with respect to � is considered to be the
subalgebra T := T (�) of MatX (C) generated by the adjacency matrix A

of Γ and the dual idempotents of Γ with respect to � :
T :=

�
A� E∗0 � · · · � E∗� � · · · � E∗�(�)

�
�

Algebra T is finite dimensional and semisimple.
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Terminology and Notations

Let Γ be a graph and let T := T (�) the Terwilliger algebra of Γwith respect
to � .

◦ A T -module is a subspace W of V which is B-invariant for every
B ∈ T .

◦ A T -module W is irreducible whenever W is non-zero and W con-
tains no T -modules other than 0 and W .

◦ It turns out that any T -module is orthogonal direct sum of irre-
ducible T -modules.






























































Terminology and Notations

Let Γ be a graph and let T := T (�) the Terwilliger algebra of Γwith respect
to � .

◦ Each irreducible T -module W is orthogonal direct sum of the non-
vanishing subspaces E∗� W , where 0 ≤ � ≤ �(�):

W = E∗0 W + · · · + E∗� W + · · · + E∗�(�)W �
◦ A scalar � := �(W ) is the endpoint ofW if

� = min {� : 0 ≤ � ≤ �(�)� E∗� W �= 0} �
◦ The T -module W is called thin whenever the dimension of E∗� W is
at most 1 for 0 ≤ � ≤ �(�).






























































I���������� T -������� ���� �������� 0






























































The trivial T -module

Let T be the Terwilliger algebra of Γ with respect to � . Let W denote an
irreducible T -module with endpoint 0. Then,

◦ There exists a nonzero vector � ∈ E∗0 W .

◦ We know that � = �
�∈X

α� �� for some scalars α� ∈ C.

◦ We thus have � = E∗0 � = α� �� with α� �= 0.
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◦ This shows �� = α−1� E∗0 � and so, �� ∈ E∗0 W ⊆ W .

◦ Since W is a T -module, W is B-invariant for every B ∈ T .

◦ This implies that B�� ∈ W for every matrix B ∈ T .
◦ The set T �̂ := {B�̂ : B ∈ T } ⊆ W is a non-zero T -module.

T �̂ = W �
D��������

The trivial T -module is the unique irreducible T -module with
endpoint 0. Namely, the set T �̂ := {B�̂ : B ∈ T }.
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The lowering, flat and raising matrices

Let Γ = (X �R) be a graph. Fix � ∈ X and consider the Terwilliger Algebra
T of Γ with respect to � . Let � = �(�).

D��������
Define matrices L = L(�), F = F (�) and R = R (�) in MatX (C) by

L =
��

�=1
E∗�−1AE∗� � F =

��
�=0

E∗� AE∗� � R =
�−1�
�=0

E∗�+1AE∗� �

We refer to L, F and R as the lowering, the flat and the raising matrix
with respect to � , respectively. Note that L� F � R ∈ T . Moreover, we
have that F = F �, R = L� and A = L + F + R .






























































The lowering, flat and raising matrices































































Example: study the module T�1
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Vectors R ��1
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Vectors R ��1 (0 ≤ � ≤ 2)


























































LET W DENOTE THE SUBSPACE OF 7

GENERATED BY THE VECTORS RIT OEIL

If Rif if
W span T RT RT ETT

RECALL THAT TT BP BET



E∗� W ⊆ W (0 ≤ � ≤ 2) and AW ⊆ W
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Example: study the module T�1
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Example: study the module T�1
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Let Γ = (X �R) be a graph. Fix � ∈ X and consider the Terwilliger Algebra
T of Γ with respect to � .

Q�������

How the module structure of T and certain combinatorial properties of
Γ are related?






























































Let Γ = (X �R) be a graph. Fix � ∈ X and consider the Terwilliger Algebra
T of Γ with respect to � .

Q�������

Is there any way to study the trivial module T�� from a combinatorial
point of view?






























































Local Distance-Regularity





























































Local Distance-Regularity

x · · ·
y

· · · · · ·

�0(x) �i�1(x) �i(x) �i+1(x) �d(x)

�1(y) \ �i(x)






























































Local Distance-Regularity

x · · ·
y

· · · · · ·

�0(x) �i�1(x) �i(x) �i+1(x) �d(x)

�1(y) \ �i(x)






























































Local Distance-Regularity

x · · ·
y

· · · · · ·

�0(x) �i�1(x) �i(x) �i+1(x) �d(x)

ci(x, y)

ai(x, y)

bi(x, y)

�1(y) \ �i�1(x) �1(y) \ �i+1(x)

�1(y) \ �i(x)






























































Local Distance-Regularity

x · · ·
y

· · · · · ·

�0(x) �i�1(x) �i(x) �i+1(x) �d(x)

ci(x)

ai(x)

bi(x)

�1(y) \ �i�1(x) �1(y) \ �i+1(x)

�1(y) \ �i(x)






























































Local Distance-Regularity

Pick � ∈ X . Suppose that � ∈ Γ�(�) for some 0 ≤ � ≤ �(�). Then, the
following numbers are defined:

��(�� �) := |Γ�(�) ∩ Γ1(�)| � ��(�� �) := |Γ�+1(�) ∩ Γ1(�)| �
��(�� �) := |Γ�−1(�) ∩ Γ1(�)| �

D�������� (G����� ��� S����-T�����, ����.)

A vertex � ∈ X is distance-regularized (or Γ is distance-regular
around �), if for � ∈ X , the numbers ��(�� �)� ��(�� �) and ��(�� �) do not

depend on the choice of � ∈ Γ�(�) for every 0 ≤ � ≤ �(�).

In this case, the numbers ��(�� �)� ��(�� �) and ��(�� �) are simply denoted by
��(�)� ��(�) and ��(�) respectively, and are called the intersection numbers of � .






























































Local Distance-Regularity

D��������
◦ A distance-regularized graph is considered to be a connected graph
in which every vertex is distance-regularized.

◦ A distance-regular graph is a distance-regularized graph where all
its vertices have the same intersection numbers.

◦ A distance-regularized graph is said to be distance-biregular if the
following hold:

◦ It is bipartite.
◦ Vertices in the same color partition have the same intersection

numbers.
◦ Vertices in di�erent color partitions have di�erent intersection

numbers.

T������ (G����� ��� S����-T�����, ����)
Every distance-regularized graph is either distance-regular or

distance-biregular.






























































Let Γ = (X �R) be a graph. Fix � ∈ X and consider the Terwilliger Algebra
T of Γ with respect to � .

Q�������

Is there any relation between local distance-regularity and the trivial
T -modules of Γ ?






























































Let Γ = (X �R) be a graph. Fix � ∈ X and consider the Terwilliger Algebra
T of Γ with respect to � .
T������ (T����������, ����)

If Γ is distance-regular around � then the T -module T �̂ is thin.






























































Let Γ = (X �R) be a graph. Fix � ∈ X and consider the Terwilliger Algebra
T of Γ with respect to � .

Q�������

If the trivial T -module T �̂ is thin, is Γ distance-regular around �?






























































E������
Let Γ = (X �R) be the simple graph with X = {1� 2� 3� 4� 5� 6� 7} and

R = {{1� 2} � {1� 3} � {1� 4} � {2� 5} � {3� 5} � {4� 6} � {4� 7}}.

The trivial T�1 is thin. However, Γ is not distance-regular around 1.






























































E������
Let Γ = (X �R) be the simple graph with X = {1� 2� 3� 4� 5� 6� 7} and

R = {{1� 2} � {1� 3} � {1� 4} � {2� 5} � {3� 5} � {4� 6} � {4� 7}}.
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The trivial T�1 is thin. However, Γ is not distance-regular around 1.






























































Let Γ = (X �R) be a graph. Fix � ∈ X and consider the Terwilliger Algebra
T of Γ with respect to � .
T������ (T����������, ����)
The following statements are equivalent:
�. Γ is distance-regularized.
�. For every � ∈ X , the collection of all the vectors

��(�) = �
�∈Γ�(�)

�� (0 ≤ � ≤ �(�))�

is a basis of the trivial T (�)-module.
�. For every � ∈ X , the trivial T (�)-module is thin.
If the above conditions hold, then Γ is either distance-regular or

distance-biregular.






























































Main Motivation

P������
Find a combinatorial property of Γ which is equivalent to the

property that the trivial T -module T�� is thin.






























































Main Motivation

P������
Find a combinatorial property of Γ which is equivalent to the

property that the trivial T -module T�� is thin.






























































Local Pseudo Distance-Regularity

Let Γ = (X �R) be a graph. Fix � ∈ X and consider the Terwilliger Algebra
T of Γ with respect to � .
T������ (F���, G������, ����)

The trivial T -module T �̂ is thin if and only if Γ is pseudo
distance-regular around � .






























































Local Pseudo Distance-Regularity

Let υ be a Perron-Frobenius vector of A.

x · · ·
y

· · · · · ·

�0(x) �i�1(x) �i(x) �i+1(x) �d(x)

ci(x, y)

ai(x, y)

bi(x, y)

�1(y) \ �i�1(x) �1(y) \ �i+1(x)

�1(y) \ �i(x)

Let υ = (υ� � � � � � υ�� � � � � υ� )� be a Perron-Frobenius vector of A.
�∗� (�� �) := �

�∈Γ1(�)∩Γ�(�)

υ�
υ�






























































Local Pseudo Distance-Regularity

Let υ be a Perron-Frobenius vector of A.

x · · ·
y

· · · · · ·

�0(x) �i�1(x) �i(x) �i+1(x) �d(x)

ai(x, y)

�1(y) \ �i(x)

�∗� (�� �) := �
�∈Γ1(�)∩Γ�(�)

υ�
υ�






























































Local Pseudo Distance-Regularity

Let υ be a Perron-Frobenius vector of A.

x · · ·
y

· · · · · ·

�0(x) �i�1(x) �i(x) �i+1(x) �d(x)

bi(x, y)

�1(y) \ �i+1(x)

�1(y) \ �i(x)

�∗� (�� �) := �
�∈Γ1(�)∩Γ�+1(�)

υ�
υ�






























































Local Pseudo Distance-Regularity

Let υ be a Perron-Frobenius vector of A.

x · · ·
y

· · · · · ·

�0(x) �i�1(x) �i(x) �i+1(x) �d(x)

ci(x, y)

�1(y) \ �i�1(x)

�1(y) \ �i(x)

�∗� (�� �) := �
�∈Γ1(�)∩Γ�−1(�)

υ�
υ�






























































Local Pseudo Distance-Regularity

Pick � ∈ X . Suppose that � ∈ Γ�(�) for some 0 ≤ � ≤ �(�). Then, the
following numbers are defined:

�∗� (�� �) := �
�∈Γ1(�)∩Γ�(�)

υ�
υ�

� �∗� (�� �) := �
�∈Γ1(�)∩Γ�+1(�)

υ�
υ�

�

�∗� (�� �) := �
�∈Γ1(�)∩Γ�−1(�)

υ�
υ�

�

D�������� (F���, G������ ��� Y����, ����.)

A vertex � ∈ X is pseudo-distance-regularized (or Γ is
pseudo-distance-regular around �), if for � ∈ X , the numbers

�∗� (�� �)� �∗� (�� �) and �∗� (�� �) do not depend on the choice of � ∈ Γ�(�)
for every 0 ≤ � ≤ �(�).






























































Example



















































































Let Γ = (X �R) be a graph. Fix � ∈ X and consider the Terwilliger Algebra
T of Γ with respect to � .

P������

Find a PURELY combinatorial property of Γ which is equivalent to the
property that the trivial T -module T �̂ is thin.






























































The shape of a walk with respect to a given vertex

Let Γ = (X �R) denote a finite, simple and connected graph.

D��������
Pick �� �� � ∈ X and let P = [� = �0� �1� � � � � �� = � ] denote a ��-walk.
The shape of P with respect to � is a sequence of symbols �1�2 � � � �� ,
where �� ∈ {� � � � �}, and such that

�� =



� if ∂(�� ��) = ∂(�� ��−1) + 1�
� if ∂(�� ��) = ∂(�� ��−1)�
� if ∂(�� ��) = ∂(�� ��−1) − 1�

(1 ≤ � ≤ � )�

We use exponential notation for shapes containing several consecutive
identical symbols. For instance, instead of ����� � � ��� we simply write

�4� 3�2� .






























































The lowering, flat and raising matrices

Let Γ = (X �R) be a graph. Fix � ∈ X and consider the Terwilliger Algebra
T of Γ with respect to � . Let � = �(�).

D��������
Define matrices L = L(�), F = F (�) and R = R (�) in MatX (C) by

L =
��

�=1
E∗�−1AE∗� � F =

��
�=0

E∗� AE∗� � R =
�−1�
�=0

E∗�+1AE∗� �

We refer to L, F and R as the lowering, the flat and the raising matrix
with respect to � , respectively. Note that L� F � R ∈ T . Moreover, we
have that F = F �, R = L� and A = L + F + R .






























































Walks of a certain shape

x · · ·· · · · · ·

�0(x) �i�1(x) �i(x) �i+1(x) �d(x)

y

z

A ��-walk in Γ of shape ��2�� � with respect to � .
A ��-walk in Γ of shape ��2�� � with respect to � .
A ��-walk in Γ of shape ��2�� � with respect to � .






























































Walks of a certain shape

x · · ·· · · · · ·

�0(x) �i�1(x) �i(x) �i+1(x) �d(x)

y

For an integer � (0 ≤ � ≤ �) and � ∈ Γ�(�), let ��+1� (�) denote the
number of ��-walks in Γ of shape ��+1� with respect to � .

A ��-walk in Γ of shape ��2�� � with respect to � .






























































Walks of a certain shape

x · · ·· · · · · ·

�0(x) �i�1(x) �i(x) �i+1(x) �d(x)

y

For an integer � (0 ≤ � ≤ �) and � ∈ Γ�(�), let ��� (�) denote the number
of ��-walks in Γ of shape ��� with respect to � .
A ��-walk in Γ of shape ��2�� � with respect to � .






























































Walks of a certain shape

x · · ·· · · · · ·

�0(x) �i�1(x) �i(x) �i+1(x) �d(x)

y

For an integer � (0 ≤ � ≤ �) and � ∈ Γ�(�), let ��(�) denote the number
of ��-walks in Γ of shape �� with respect to � .

A ��-walk in Γ of shape ��2�� � with respect to � .



























































































































A combinatorial condition

x · · ·· · · · · ·

�0(x) �i�1(x) �i(x) �i+1(x) �d(x)

y
· · ·

For every integer � (0 ≤ � ≤ �) there exist scalars α�, such that for every
� ∈ Γ�(�) we have ��+1� (�) = α� ��(�).






























































A combinatorial condition

x · · ·

�0(x) �i�1(x) �i(x) �i+1(x) �d(x)

y
· · ·

· · ·

For every integer � (0 ≤ � ≤ �) there exist scalars β�, such that for every
� ∈ Γ�(�) we have ��� (�) = β� ��(�).

Q�������
Are these combinatorial properties of Γ related to the property that

the trivial T -module T�� is thin?



























































































































The result we wanted!

T������ � (F��������, M�������, ����)

Let Γ = (X �R) be a graph. Fix � ∈ X and let � = �(�). Consider the
Terwilliger Algebra T of Γ with respect to � . The following (�)–(�) are
equivalent:
�. T�� is thin.
�. Γ is pseudo distance-regular around � .
�. For every integer � (0 ≤ � ≤ �) there exist scalars α�� β�, such that
for every � ∈ Γ�(�) the following hold:

��+1� (�) = α� ��(�)� ��� (�) = β� ��(�)�
In particular, if the above equivalent conditions (�)–(�) hold, then the set

{R ��� | 0 ≤ � ≤ �} is a basis of T�� .






























































E������

Let Γ = (X �R) be the simple graph with X = {1� 2� 3� 4� 5� 6� 7} and
R = {{1� 2} � {1� 3} � {1� 4} � {2� 5} � {3� 5} � {4� 6} � {4� 7}}.
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The trivial module T�1 is thin.
R�����

The combinatorial condition

��+1� (�) = α� ��(�)� for every � ∈ Γ�(�) (0 ≤ � ≤ 2)�
holds with α0 = 3, α1 = 2 and α3 = 0.

Therefore, the trivial T -module T�1 is thin.






























































��+1� (�) = α� ��(�)� for every � ∈ Γ�(�) (0 ≤ � ≤ 2)




























































FOR 1 0 WE NEED TO CHECK THAT
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��+1� (�) = α� ��(�)� for every � ∈ Γ�(�) (0 ≤ � ≤ 2)


























































FOR 1 2 WE NEED TO CHECK THAT
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WE OBSERVE THAT TBI y O FOR ALL Y E Tak
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��+1� (�) = α� ��(�)� for every � ∈ Γ�(�) (0 ≤ � ≤ 2)
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A consequence

Let Γ = (X � R ) be a graph. Fix � ∈ X and consider the Terwilliger
Algebra T of Γ with respect to � .

C�������� (T����������, ����)

If Γ is distance-regular around � then T �̂ is thin.






















































Assume that Γ is distance-regular around � .
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For every integer � (0 ≤ � ≤ �) and � ∈ Γ�(�), we have
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Assume that Γ is distance-regular around � .

x · · ·· · · · · ·
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For every integer � (0 ≤ � ≤ �) and � ∈ Γ�(�), we have
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Then, for every � ∈ Γ�(�) (0 ≤ � ≤ �) we have:

��(�) =
��

�=1
�� (�)

��+1� (�) = ��(�)��+1(�)
��

�=1
�� (�) = ��(�)��+1(�)��(�)�

��� (�) = ��(�)
��

�=1
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Therefore, for every � ∈ Γ�(�) we have that ��+1� (�) = α���(�) and
��� (�) = β���(�) with α� = ��(�)��+1(�) and β� = ��(�). By Theorem �, the

trivial T -module T�� is thin.
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