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@ permutation decoding was introduced in 1964 by MacWilliams

@ it uses sets of code automorphisms called PD-sets

@ the problem of existence of PD-sets and finding them

@ we construct 2-PD-sets and 3-PD-sets for partial permutation decoding of codes obtained
from certain Desarguesian projective planes
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Introduction
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@ in [1] we construct 2-PD-sets of 16 elements for codes from PG(2, g), where g = 2" and
5<h<9

@ we also construct 3-PD-sets of 75 elements for the code from PG(2, q), where g = 2°

@ we use a basis of a code of a projective plane PG(2, 2"), that was found by Vandendriessche
[2]for h< 9
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Definition 1

of the vector space (F,)

Let p be a prime. A p-ary linear code C of length n and dimension k is a k-dimensional subspace
Definition 2

@ let x = (x1,...,x,) and y = (y1, ...
y is the number d(x,y) =

i xi # yi}l

. ¥n) € Fo. The Hamming distance between words x and

@ The minimum distance of the code C is defined by d =min{d(x,y): x,y € C, x + y}
@ Notation: [n, k, d], code
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@ it can detect at most d — 1 errors in one codeword and correct at most t = [dTJ errors
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@ The algorithm of permutation decoding (introduced in 1964 by MacWilliams) uses sets of

code automorphisms called PD-sets, that are defined with respect to a given information set
of the code.

Definition 3
Let C C T} be a linear [n, k, d] code. For I C {1, ..., n} let p; : F} — Flhl, x — x|s, be an
I-projection of 7. Then / is called an information set for C if [/| = k and p;(C) = F‘p”.

@ The set of the first k coordinates for a code with a generating matrix in the standard form is
an information set.

@ The first k coordinates are then called information symbols and the last n — k coordinates
are the check symbols and they form the corresponding check set.
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Definition 4

Let C C T} be a linear [n, k, d] code that can correct at most t errors, and let / be an information

set for C. A subset S C AutC is a PD-set for C if every t-set of coordinate positions can be
moved by at least one element of S out of the information set /.

The algorithm of permutation decoding is more efficient the smaller the size of a PD-set is.
A lower bound on the size of a PD-set:

Theorem 2.1 (The Gordon bound)

If S is a PD-set for an [n, k, d] code C that can correct t errors, r = n — k, then:
nln-1 n—t+1
il e v il
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@ for some codes PD-sets do not exist, or they are not easy to find
where s < t

@ then one can use partial permutation decoding, which includes finding s-PD-sets,

[3] J.D. Key, T.P. McDonough and V.C. Mavron, Partial permutation decoding for
codes from finite planes, European J. Combin., 26 (2005), 665-682.
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Codes from PG(2, q)

@ Let PG(2, q) denote the Desarguesian projective plane of order g = p", where p is a prime
PG(2, q).

and h is a positive integer, and let M, be the incidence matrix of PG(2, q).

p+1

[ +qg+1,

2

e Then M, has p-rank (p;1)h + 1, and is symmetric, because of the self-duality of
@ The linear code Cy, generated by the rows of M, over F,, is a p-ary code with parameters

incidence vectors of the projective lines.

)h +1, g+ 1], and the codewords of minimum weight are exactly the

@ The points of the geometry correspond to the positions of the code.
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Codes from PG(2, q)

@ The full automorphism group of PG(2, g) is the projective semi-linear group PI'L(3, ), acting
Caen-

doubly transitively on points. Moreover, PI'L(3, g) is the full automorphism group of the code
@ For a translation 7, : (v, B) — (v, B) + (u, v), we denote %,, the corresponding element
from PI'L(3, g). Then for projective lines the following holds:
vy, B 1) =y +uB+v1]

,,(1,0,0) =[1,0,0], %,,(y.1,0) =][y.1,0].

@ Let 0; be the automorphism that interchanges the first two homogeneous coordinates of the
homogeneous coordinates.

projective lines, and let o> be the automorphism that interchanges the first and the last
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Codes from PG(2, q)

@ Let o be a primitive element of Fq and

B=an10"ta,0a" 2+ faatacF, B+0,
where all a; € Fy (Le. B = (a0, a1, ..., ap-1))-
@ The leading position of B is

|Ip(3) =max{i:a; #+ 0} + 1|
Ip(b) = Ip(B)

For any projective point b = (0, 1, B) on the projective line Xp = 0, we define:

o the leading position of (0, 1, 0) is defined to be 0
o the leading position of (0,0, 1) is defined to be 4+o00
@ Let |B] =|{i:a; + 0}
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Codes from PG(2, q)

@ P Vandendriessche conjectured how a basis for the code of the projective plane can look like
for the case p = 2 (so g = 2").

@ The conjecture was proven to hold for h < 9 (i.e. ¢ < 512) by computer and conjectured to
hold for all even gq.

Conjecture ([2])
The line Xo = 0 and the set of lines

{((0,1,8),(1,0,¥)) - [yl + Ip(B) < h}

together form a basis for Cye,.

@ The line Xo = 0 has homogeneous coordinates [1, 0, 0].

@ The set of lines from the previous Conjecture consists of lines with homogeneous coordinates
[v. B. 1], where [y| + Ip(B) < h.
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@ |In this section, we describe a construction of 2-PD-sets for the binary codes from projective
planes PG(2, g), where g = 2" and 5 < h < 9, and a construction of 3-PD-sets for the
binary code from the projective plane PG(2, 29).

@ It was shown in [3] that PD-sets for full error-correction for projective Desarguesian planes
do not exist for order g large enough. Specifically, for: ¢ = p prime and p > 103, g = 2°
ande >12, g=3°ande >6,g=5°and e >4, g=7°and e > 3, g = 11° and
e>2 g=13%ande>2 org=pforp>13ande > 1

e s-PD-sets can be found for some small values of s > 2

o (=] = A
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@ Since the full automorphism group of a Desarguesian projective plane is 2-transitive
on points, the whole group acts as a 2-PD-set, for any information set.

@ Using a Moorhouse basis, 2-PD-sets of 43 elements for Desarguesian projective
planes of any prime order g = p were constructed in [3].

@ The existence of 3-PD-sets, for any information set, for the code of any

Desarguesian projective plane was also proven in [3] To ensure that the code will
correct three errors, the order ¢ > 7 must be taken there.
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Table: Codes of PG(2, g): lower bounds on sizes of PD-sets (b) and 2-PD-sets (b»)

] o I T T Y
32 [1057,24433] | 16 813 180 | 3
64 [4161,730,65] | 32 3431 1623 | 3
128 [165132188129] | 64 | 14325 40696 | 3
256 [65793,6562,257] | 128 | 59231 3965945 | 3
512 | [262657,19684,513] | 256 | 242973 | 3625171287 3
For h =9, the lower bound on the size of a 3-PD-set equals 4.
o>«
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case g = 2"):

In the following constructions, we will use as an information set the basis of
Vandendriessche (which is a generalization of the Moorhouse basis for g = p prime to the

lv ={[1.0.0} U{[y.8.1]: |[y| + Ip(B) < h:y. B € Fq}.
The corresponding check set is then:

Cv={lv.B.1:|y|+IpB) > hyv,BeFs}U{y.1,0]:y € Fg}.

Nina Mostarac (nmavrovic@math.uniri.hr)
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Construction of 2-PD-sets

The full automorphism group of a Desarguesian plane acts as a 2-PD-set. Our aim is to
find smaller 2-PD-sets in the case of PG(2,2"), 5 < h < 9.

Theorem 4.1

Let T = PG(2, q), where g = 2", and let G be the full automorphism group of 1.
Furthermore, let Cyen = [q2 +q+1, GRS g + 1] be the binary code of . If

5 < h <09, then G contains a 2-PD-set with 16 elements for Cyeq, for the information
set ly.

o (=] = A
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Proof.

Main idea: Let us assume that 2 errors occur.
I. Suppose that 2 errors are in the information set.

a) First, let those errors correspond to the lines [yq, B1, 1] with [y1| + Ip(B1) < h and
[v2, B2, 1] with [y2| + Ip(B2) < h.

b) Let one of the errors correspond to the line Xo = 0 (Le. [1,0,0]), and the other to the
line [y, B, 1], where |y| + Ip(B) < h.

Il. Assume that one error is in /\,, and the other is in Cy/.

a) Let those errors correspond to the lines [yq, By, 1] with |y1| + Ip(B1) < h and
[v2, B2, 1] with |y2| + Ip(B2) > h.

b) Let the error in I\, correspond to the line [y1, By, 1] such that |y1| + Ip(B1) < h, and
the error in Cy to the line [y2, 1,0].

c) Let the error in Iy be Xo =0, and the one in Cy [y, 1,0]

d) Let the error in Iy, be [1,0, 0], and let the error in Cy be [y, B, 1] with |y|+ Ip(B) > h.

Ill. Let us assume that both errors are in the check set. This case is trivial.

—— = = o)
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Remark 1

If Vandendriessche’s Conjecture on a basis for the code of PG(2, 2") is proven true also for h > 9,
then Theorem 4.1 is valid for every h > 5, since the construction of this 2-PD-set does not require
that h < 9.

An explicit example of a 2-PD-set:

Corollary 5

Let 1= PG(2,2M", 5 < h <9, and Coen = [22h 42k 1,3 + 1,28 + 1], be its binary code.
Furthermore, let

a=(1,0,..,0),a =(0,1,0,..0),b=(1,..,1,0),c=(1,..1) € Fap.

Then the following set is a 2-PD-set for Cye,, for the information set Iy :

A A A A A A A A A A A
5 o {TO,O: Ta,a) Ta,bs Tacr Ta/ by Th,ar Th,bs Th,cr Tc,ar Te,br Le,ch
A A A A
01, Tap01, TacO1, Th,c01, TacOa}.
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Construction of 3-PD-sets

The following theorem gives a construction of 3-PD-sets for the code of the Desarguesian
projective plane PG(2, g), where g = 2°.

Theorem 4.2

Let 1 = PG(2, q), g = 2" and let G be its automorphism group. Furthermore, let
Coen = [¢* +q+1, G RN 1]> be the binary code of M. If h =9, a 3-PD-set for
Cyen consisting of 75 elements can be found in G, for the information set Iy

[} (w1 =
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Proof.

Main idea:
Assume that 3 errors occur. . Suppose that 3 errors are in /.

(a) Furst, let those errors correspond to the lines [y;, B;, 1] with |y;| + Ip(Bi) < h, where
i=123.
(b) Let one of the errors correspond to the line Xo = 0, and the other two to be the lines
[vi, Bi, 1] with |yi| + Ip(B;) < h, where i =1,2.
[l. Suppose that 2 errors are in Iy, and one is in Cy.
(a) Let the errors in Iy be [y;, B;, 1] with |y;| + Ip(B;) < h, i = 1,2, and the error in Cy the
line [y3, B3, 1] with |ys| + Ip(Bs) > h.

(b) Let the two errors in Iy correspond to the lines [y;, Bi, 1] with |y;| + Ip(B;)) < h, i =1,2,
and the error in Cy to the line [y3, 1, 0].

(c) Let one error be the line Xo = 0, second the line [y1, B1, 1] with |y1| + Ip(B1) < h, and the

last the line [y2, B2, 1] with |ya| + Ip(B2) > h.

(d) Let the errors in Iy be the lines [1,0,0] and [y, B1, 1] such that |y1| + Ip(B1) < h, and the

error in Cy the line [y2, 1, 0]
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Proof.

1. Suppose that there are 2 errors in the check set, and one in /.

(a) Let those errors be [y1, B1, 1] with |y1| + Ip(B1) < h, and [y;, Bi, 1] with |yi| + Ip(B;) > h.
for i =2,3.

(b) Let the error in Iy be the line [y1, B1, 1] with |y1| + Ip(B1) < h, and the errors in Cy the
lines [Vz,ﬁz, 1] with |)/2‘ + /p(ﬁz) > h and [V3, 1, 0}

(c) Let the error in Iy, correspond to the line [y1, B1, 1] with |y1| + Ip(B1) < h, and the errors in
Cy correspond to the lines [y, 1,0] and [y3, 1, 0].

(d) Let the error in /y, correspond to the line [1,0, 0], and the other two correspond to the lines
[)/,‘,B;, 1} with |)/,'| + Ip(ﬁj) >hi=1,2

(e) Let the error in Iy correspond to the line [1,0, 0] and the errors in Cy correspond to the
lines [y1, B1, 1] with |ya| + Ip(B1) > h and [y2, 1, 0]

(f) Let the error in Iy correspond to the line [1,0, 0] and the errors in Cy correspond to the
lines [y2,1,0] and [y3, 1,0].

IV. If we have 3 errors in the check set, then we can use the identity map.

= = = &
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Construction of 3-PD-sets

Remark 2

The preceding explicit example of a 3-PD-set can only be used for the code of the

projective plane PG(2, 2°) since we explicitly make use of a number of vectors of length 9,
which describe field elements of Fos.
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Corollary 6

Let 1= PG(2,2%), Cpon =[2*8 +2° +1,3° +1,2° + 1], its 2-ary code, and:

a=(1,0,..,0), & =(0,1,0,...,0), a’ =(0,0,1,0, ...,0),
b=(1,1,0,..,0), /—(001,1,0,..,,0) b = (000011000)

c= (1110 ,0), ¢/ =(0,0,0,1,1,1,0,0,0), ¢’ =(0,...,0,1,1,1),
d= (11110 ,0),d’ =(0,0,0,0,1,1,1,1,0),d” = (1,1,0,0,1,1,0,0,0),

d/”=(1 1,0,0,1, o 0,0,1),d"V =(0,0,1,1,0,0,1,0,1),d¥ = (1,1,0,0,0,1,1,0,0),

—(1,1,1,1,1,0,0,0,0),¢' = (0,0,1,1,1,1,1,0,0),e” = (0,0,0,0,1,1,1,1,1),
f a,. 1000) f =(0,0,0,1,..,1), g =(1,..,1,0,0),
i=(1,..,1,0), i =(1..1,01), j=(1,..1) €Fye.

Then the following set S is a 3-PD-set for Cye,, for the information set I:

S ={irlx € X1} U {ixglx € Xx U{c}} U {tilx € Xa} U {tcjlx € {a. " i, j}}
U{%ja, t0,0, 01, T2i01, T 00, 301, 1101, TajO1, Ty jO1, T jO1, TagO1, Tj g1, B g0}
U{f'a,jﬂz‘?o,a, 1,102, 1,102, 12,02, ‘T’a/’j(fz}, where

X1 ={aa bt b cdd d”dV dv ee ffiij}
Xo={ad, a" cc " dd d ec¢€ e fiij}
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Thank you!
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