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cover-free family

A d-cover-free family is a set system where no set is covered by the union
of d others.

Definition (d-CFF(t, n))

Given d < t ≤ n positive integers, a d-cover-free family, denoted
d-CFF(t, n), is a set system (X ,B) with |X | = t and |B| = n such that for
any block Bi0 and any other d blocks Bi1 , . . . ,Bid ∈ B, we have∣∣∣∣Bi0 \

d⋃
j=1

Bij

∣∣∣∣ ≥ 1.

Studied under different names:

Kautz and Singleton (1964) - superimposed codes

Erdös, Frankl and Füredi (1985) - cover-free families

Hwang and Sós (1987) - d-complete designs for use in group testing

Du and Hwang book on CGT: d-disjunct matrix
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cover-free family

A d-cover-free family is a set system where no set is covered by the union
of d others.

Definition (d-CFF(t, n), alternative definition)

A d-CFF(t, n) is a t × n binary array such that any d + 1 columns must
contain a subarray that is a permutation matrix.

c0 c1 . . . cd
. . . . . . . . .
. . . . . . . . .
. . . . . . . . .
. . . . . . . . .
. . 1 0 0 0 0 . .
. . . . . . . . .
. . . . . . . . .
. . . . . . . . .

The goal is to construct arrays with minimum t for given n and d :

t(d , n) = min{t : ∃d−CFF(t, n)}
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Combinatorial group testing

Identify d defective items from a set of n items pooled into t groups,
where t < n.

The groups are tested, instead of all elements individually.

Use a d-CFF(t, n):

the n columns represent elements
the t rows represent the groups to be tested.

1     2     3     4     5    6    

Test 1 Test 2 Test 3 Test 4

fail fail pass pass

test1
test2
test3
test4

1   1   1   0   0   0 
1   0   0   1   1   0
0   1   0   1   0   1
0   0   1   0   1   1

1-CFF(4,6) Matrix 
 1     2     3    4     5     6 
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Combinatorial group testing - example d = 2

2 defective items, 2-CFF, the ”strength” is d + 1 = 3

item 1 2 3 4 5 6 7 8 9 10 11 12

input ? ? ? ? ? ? ? ? ? ? ? ? result:

t1 1 0 0 1 0 0 1 0 0 1 0 0 ?
t2 1 0 0 0 1 0 0 1 0 0 1 0 ?
t3 1 0 0 0 0 1 0 0 1 0 0 1 ?
t4 0 1 0 1 0 0 0 0 1 0 1 0 ?
t5 0 1 0 0 1 0 1 0 0 0 0 1 ?
t6 0 1 0 0 0 1 0 1 0 1 0 0 ?
t7 0 0 1 1 0 0 0 1 0 0 0 1 ?
t8 0 0 1 0 1 0 0 0 1 1 0 0 ?
t9 0 0 1 0 0 1 1 0 0 0 1 0 ?

Defective: items ?
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Combinatorial group testing - example d = 2

2 defective items, 2-CFF, the ”strength” is d + 1 = 3

item 1 2 3 4 5 6 7 8 9 10 11 12

input 0 0 1 0 0 0 0 0 0 0 0 1 result:

t1 1 0 0 1 0 0 1 0 0 1 0 0 0
t2 1 0 0 0 1 0 0 1 0 0 1 0 0
t3 1 0 0 0 0 1 0 0 1 0 0 1 1
t4 0 1 0 1 0 0 0 0 1 0 1 0 0
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t7 0 0 1 1 0 0 0 1 0 0 0 1 1
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Defective: items 3 and 12
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CFF sample highlight of known results

Definition (same as before)

A d-cover-free family is a set system where no set is covered by the union
of d others.

1-CFF is equivalent to a Sperner system, thus by Sperner theorem:

t(1, n) = min{t :

(
t

bt/2c

)
≥ n} ∼ c log n

Examples of constructions for d ≥ 2 from designs and codes:

any s-(v , k , 1)-packing is a d-CFF(v , b) with d = bk−1s−1 c,
any BIBD(v , k, 1) gives a (k − 1)-CFF(v , b), where b =

(v
k

)
/
(k
2

)
.

any code (L, n,D)q with gives a d-CFF(qL, n) with d = b L−1L−D c,

Asymptotics: There exists c1 and c2 such that

c1
d2

log d
log n ≤ t(d , n) ≤ c2d

2 log n
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Application: group testing
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Group testing application

Determine a set of up to d defective items among n items, using t tests.

Group testing using a 1-CFF(4, 6)

For non-adaptive group testing, we can use a d-CFF(t, n).

Good when the probabilities of different items being defective are
independent.

CFFs on hypergraphs can be better when these probabilities are
highly dependent (e.g. infectious diseases)
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cover-free family on hypergraphs

“no column is covered by the union of columns that form an edge”

Definition (CFF on hypergraph)

A CFF on a hypergraph H, denoted H-CFF(t, n), is a t × n binary matrix
so that for every edge e = {c1, . . . , cd} and any vertex c0 not on the edge,
we must see the occurrence of row with [10 . . . 0] in the submatrix defined
by c0, c1, . . . , cd .

c0 c1 . . . cd
. . . . . . . . .
. . . . . . . . .
. . . . . . . . .
. . 1 0 0 0 0 . .
. . . . . . . . .
. . . . . . . . .
. . . . . . . . .

When this property holds for each subset of an edge we call it an

H-CFF(t, n) 11/35



Definitions of CFFs on hypergraphs

Let H = (V (H),E (H)) be a hypergraph with V (H) = n and
rank(H) = max{|E | : e ∈ E} < n.
A CFF on H is a t × n binary array satisfying one of the following
properties (depending on the CFF type being defined):

H-CFF: for each set of columns corresponding to an edge E and each
vertex v 6∈ E , there must be a row with 0...0 on the columns of E and
a 1 on the column of v .

H-CFF: for each set of columns corresponding to S ⊆ E , for edge E ,
and each vertex v 6∈ S , there must be a row with 0...0 on columns of
s and a 1 on the column of v .

(H, r)-CFF: similar definition as H-CFF with union of up to r edges
E1, . . . ,Er in place of E .

(H, r)-CFF: similar definition as H-CFF with union of up to r edges
E1, . . . ,Er in place of E .

12/35



1 Definition and applications of cover-free families

2 CFFs on hypergraphs with non-overlapping edges

3 CFFs on hypergraphs with overlapping edges

13/35



combinatorial group testing (non-overlapping case)

ordinary d-CFF

H-CFF (disjoint edges)
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Non-overlapping edges, r = 1

Let H = (V (H),E (H)) be a hypergraph such that any two edges are
disjoint.
Let n = |V (G )|, m = |E (G )|, k = rank(H).

Theorem (Idalino and M. 2022)

Let t1 = min{s :
( s
bs/2c

)
≥ m}. Then,

∃ H-CFF(t1, n); in addition, t1 ∼ Θ(logm) is best possible;

∃ H-CFF(t, n) with t = t1 + k ∼ Θ(logm + k).

Examples:
900 students = 30 classes of 30 students: 37 tests.
1000 people = 250 households of 4 people: 14 tests.
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Non-overlapping edges, r ≥ 2

Let H = (V (H),E (H)) be a hypergraph such that any two edges are
disjoint. Let n = |V (G ), m = |E (G )|, k = rank(H).

Theorem (Idalino and M. 2022)

Let r ≥ 2.
Suppose ∃ r -CFF(tA,m), A1, and ∃ (r − 1)-CFF(tB ,m), A2. Then,

∃ (H, r)-CFF(tA, n);

∃ (H, r)-CFF(tA + ktB , n).

Proof:
Let B1 = A1 ⊗ Rk , where Rk = [1...1] with k columns.
Let B2 = A2 ⊗ Ik . In both cases, remove some columns for e with |e| < k.
B1 is an (H, r)-CFF(tA, n), and[
B1

B2

]
is an (H, r)-CFF(tA + ktB , n). �
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r = 2, H = 12 disjoint triples of vertices

2-CFF(9, 12): A =



1 0 0 1 0 0 1 0 0 1 0 0
1 0 0 0 1 0 0 1 0 0 1 0
1 0 0 0 0 1 0 0 1 0 0 1
0 1 0 1 0 0 0 0 1 0 1 0
0 1 0 0 1 0 1 0 0 0 0 1
0 1 0 0 0 1 0 1 0 1 0 0
0 0 1 1 0 0 0 1 0 0 0 1
0 0 1 0 1 0 0 0 1 1 0 0
0 0 1 0 0 1 1 0 0 0 1 0


R3 =

(
1 1 1

)
,

1-CFF(6, 12): B =


1 1 1 1 1 1 0 0 0 0 0 0
1 1 1 1 0 0 1 1 0 0 0 0
1 0 0 0 1 1 0 0 1 1 1 0
0 1 0 0 1 0 1 0 1 1 0 1
0 0 1 0 0 1 0 1 1 0 1 1
0 0 0 1 0 0 1 1 0 1 1 1

 I3 =

1 0 0
0 1 0
0 0 1

,

(H, 2)-CFF(27, 36):

(
A⊗ R3
B ⊗ I3

)
=



R3 0 0 R3 0 0 R3 0 0 R3 0 0
R3 0 0 0 R3 0 0 R3 0 0 R3 0
R3 0 0 0 0 R3 0 0 R3 0 0 R3
0 R3 0 R3 0 0 0 0 R3 0 R3 0
0 R3 0 0 R3 0 R3 0 0 0 0 R3
0 R3 0 0 0 R3 0 R3 0 R3 0 0
0 0 R3 R3 0 0 0 R3 0 0 0 R3
0 0 R3 0 R3 0 0 0 R3 R3 0 0
0 0 R3 0 0 R3 R3 0 0 0 R3 0
I3 I3 I3 I3 I3 I3 0 0 0 0 0 0
I3 I3 I3 I3 0 0 I3 I3 0 0 0 0
I3 0 0 0 I3 I3 0 0 I3 I3 I3 0
0 I3 0 0 I3 0 I3 0 I3 I3 0 I3
0 0 I3 0 0 I3 0 I3 I3 0 I3 I3
0 0 0 I3 0 0 I3 I3 0 I3 I3 I3



.
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Non-overlapping edges - asymptotics

Define t(H, r) = min{t : ∃(H,r)−CFF (t, |V (H)|)}.

Let Hm,k = hypergraph with m disjoint edges of cardinality k .

Then, for r ≥ 2,

t(Hm,k , 1) = Θ(logm)

t(Hm,k , 1) = O(k + logm)

t(Hm,k , r) = O(((r + 1)2 logm)

t(Hm,k , r) = O(((r + 1)2 + kr2) logm)
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CFF on hypergraphs with overlapping edges

The high school problem
ConstrucAon

1 2 3

4 5 6

7 8 9

10 11 12

13 14 15

16 17 18

Total:

n = 18 vertices, m = 12 edges with k = 3 students each, and 2 colour classes  and !1 !2
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CFF on hypergraphs with overlapping edges

The high school problem
ConstrucAon

1 2 3

4 5 6

7 8 9

10 11 12

13 14 15

16 17 18

Morning classes:

n = 18 students, 6 classrooms, 3 students each 

edge 1 edge 2 edge 3

edge 4 edge 5 edge 6
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CFF on hypergraphs with overlapping edges

The high school problem
ConstrucAon

1 2 3

4 5 6

7 8 9

10 11 12

13 14 15

16 17 18

Afternoon classes:

n = 18 students, 6 classrooms, 3 students each 

edge 7 edge 8 edge 9

edge 10

edge 11 edge 12
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CFF on hypergraphs with overlapping edges

The high school problem
ConstrucAon

1 2 3

4 5 6

7 8 9

10 11 12

13 14 15

16 17 18

Total:

n = 18 vertices, m = 12 edges with k = 3 students each, and 2 colour classes  and !1 !2
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CFF on hypergraphs with overlapping edges

Overlapping edge construction

1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0 1 1 1 1 1 1 0 0 0
0 0 0 1 1 1 0 0 0 1 1 1 0 0 0 1 1 1
0 0 0 0 0 0 1 1 1 0 0 0 1 1 1 1 1 1

1    2    3    4   5    6   7   8    9

1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0
1 1 0 1 0 0 0 0 0 1 1 1 1 0 1 0 0 1
0 0 1 0 1 0 1 0 0 1 0 1 0 1 0 1 1 1
0 0 0 0 0 1 0 1 1 0 1 0 1 1 1 1 1 0

10 11 12  13  14 15  16  17  18

1 0 0 1 0 0 1 0 0 1 0 0 1 0 0 1 0 0
0 1 0 0 1 0 0 1 0 0 1 0 0 1 0 0 1 0
0 0 1 0 0 1 0 0 1 0 0 1 0 0 1 0 0 1

1 0 1 0 0 1 0 0 0 1 1 0 0 1 0 0 0 0
0 1 0 0 1 0 0 1 0 0 0 1 1 0 0 1 0 0
0 0 0 1 0 0 1 0 1 0 0 0 0 0 1 0 1 1

(!,1) − CFF(t, n)
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CFF on hypergraphs with overlapping edges

Overlapping edge construction

1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0 1 1 1 1 1 1 0 0 0
0 0 0 1 1 1 0 0 0 1 1 1 0 0 0 1 1 1
0 0 0 0 0 0 1 1 1 0 0 0 1 1 1 1 1 1

1    2    3    4   5    6   7   8    9

1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0
1 1 0 1 0 0 0 0 0 1 1 1 1 0 1 0 0 1
0 0 1 0 1 0 1 0 0 1 0 1 0 1 0 1 1 1
0 0 0 0 0 1 0 1 1 0 1 0 1 1 1 1 1 0

10 11 12  13  14 15  16  17  18

1 0 0 1 0 0 1 0 0 1 0 0 1 0 0 1 0 0
0 1 0 0 1 0 0 1 0 0 1 0 0 1 0 0 1 0
0 0 1 0 0 1 0 0 1 0 0 1 0 0 1 0 0 1

1 0 1 0 0 1 0 0 0 1 1 0 0 1 0 0 0 0
0 1 0 0 1 0 0 1 0 0 0 1 1 0 0 1 0 0
0 0 0 1 0 0 1 0 1 0 0 0 0 0 1 0 1 1

Edges 1, 7 and 8 are infected


(!,1) − CFF(t, n)
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Application: Combinatorial group testing

Overlapping edge construction
1    2    3    4   5    6   7   8    9 10 11 12  13  14 15  16  17  18

Edges 1, 7 and 8 are infected,  
students 4-18 are cleared out

(!,1) − CFF(t, n)

1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0 1 1 1 1 1 1 0 0 0
0 0 0 1 1 1 0 0 0 1 1 1 0 0 0 1 1 1
0 0 0 0 0 0 1 1 1 0 0 0 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0
1 1 0 1 0 0 0 0 0 1 1 1 1 0 1 0 0 1
0 0 1 0 1 0 1 0 0 1 0 1 0 1 0 1 1 1
0 0 0 0 0 1 0 1 1 0 1 0 1 1 1 1 1 0

1 0 0 1 0 0 1 0 0 1 0 0 1 0 0 1 0 0
0 1 0 0 1 0 0 1 0 0 1 0 0 1 0 0 1 0
0 0 1 0 0 1 0 0 1 0 0 1 0 0 1 0 0 1

1 0 1 0 0 1 0 0 0 1 1 0 0 1 0 0 0 0
0 1 0 0 1 0 0 1 0 0 0 1 1 0 0 1 0 0
0 0 0 1 0 0 1 0 1 0 0 0 0 0 1 0 1 1
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Application: Combinatorial group testing
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Defect cover and (H , r)-CFFs

An edge is defective if it contains a defective vertex, it is non-defective,
otherwise. A set of edges is a defect cover if the set of defective vertices is
contained in the union of these edges; such a defect cover is minimal if no
proper subset is a defect cover.
The number of defective edges may be much larger than the size of a
defect cover!!!
The next proposition shows that a (H, r)-CFF’s ability to detect defectives
only requires that r is an upper bound on the cardinality of a minimum
defect cover.

Proposition (Idalino and M. 2022)

Let H be a hypergraph and let r be an upper bound on the size of a
minimal defect cover.
A simple algorithm using an (H, r)-CFF determines the set of defective
items.
A simple algorithm using an (H, r)-CFF returns a defect cover of size at
most r .
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construction 1 (∃ defect cover of size 1)

An `-edge-colouring of a hypergraph H = (V (H),E (H)) is a mapping
from E (H) to {1, . . . , `} such that no vertex is incident to more than one
edge mapping to the same colour.

Let H1,H2, . . . ,H` be the hypergraphs on V (H) with edges consisting of
each colour class.

Theorem (Idalino and M. 2022; defect cover size r = 1)

For each i , 1 ≤ i ≤ `,
let ki = rank(Hi ) max{|e| : e ∈ E (Hi )},
let fi = |E (Hi )|+ δi , where δi = 0 if the E (Hi ) spans [1, n] and δi = 1, ow.
For i = 1, 2, . . . , `, use previous theorem to build (Hi , 1)-CFF(ti + ki , n)
and (Hi , 1)-CFF(ti + ki , n), where ti = min{s :

( s
bs/2c

)
≥ fi}.

Then,
the horiz. pasting of all (Hi , 1)-CFFs gives (H, 1)-CFF(

∑`
i=1 ti , n); and

the horiz. pasting of all (Hi , 1)-CFFs gives (H, 1)-CFF(
∑`

i=1(ti + ki ), n).
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CFF on hypergraphs (overlapping edges r = 1)
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construction 2 (∃defect cover of size r , r ≥ 2)

A strong edge-coloring of a hypergraph H is an edge-coloring such that
any two vertices belonging to distinct edges with the same colour are not
adjacent.

Theorem (Idalino and M. 2022; defect cover size r ≥ 2)

Let H be a hypergraph and let r ≥ 2 be an upper bound on the number of
edges of a minimal defective cover.
Let H1,H2, . . . ,Hs be the hypergraphs on V (H) and sets of edges equal
each colour class of an s-strong-edge-colouring of H.
Let ki = max{|S | : S ∈ E (Hi )} and let mi = |E (Hi )|.
Then, there exists an (H, r)-CFF(t, n) with

t ≤
s′∑
i=1

(t(r ,mi ) + ki · t(r − 1,mi )).

t(Hk,m,s , r) = O(s · k · r2 · logmmax)
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overlapping edges, r ≥ 2 and strong colouring
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Consecutive Hypergraph (dimension 2)

Repeat the following pattern 9 times (total 36 colour classes):

…

…

…

…

(H, 2)-CFF(900, 4356) can be built from 36 copies of 2-CFF(25, 125)
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Consecutive Hypergraph (dimension 2), cont’d

But we can improve the construction of H-CFF, for the consecutive
hypergraph.
Use a vertex colour with k = 9 colours:

vertices colours
4 5 6

70 71 72

1 2 3

67 68 69

7 8 9

73 74 75

…

…

133  134  135  136  137 138 139 140  141

199  200  201  202  203 204 205 206  207

265  266  267  268  269 270 271 272  273

331  332  333  334  335 336 337 338  339

1 2 3

4 5 6

7 8 9

1 2 3

4 5 6

7 8 9

1 2 3

4 5 6

7 8 9

1 2 3

4 5 6

7 8 9

1 2 3

4 5 6

7 8 9

1 2 3

4 5 6

7 8 9

…

…

An (H, 2)-CFF(1008, 4356) can be built from:
36*((H, 2)-CFF(25, 125)) (900 rows)
+ 1-CFF(12, 484) ⊗ I9 (108 rows)

In general, we reduce t(H, r) from s × (t(r , n/k) + k × t(r − 1, n/k)) to
s × t(r , n/k) + k × t(r − 1, n/k).
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Ongoing research and future work

More research is required for the overlapping case.

Strong colouring can be prohibitively large, so we also need
constructions that don’t use strong colouring.

New constructions can decrease the number of rows for special classes
of hypergraphs, like we did for consecutive hypergraphs.

We plan to extend the model with a limit of d defective items inside
an edge.

We are studying constructions for products of hypergraphs, and
characterizations via directed-hypergraph homomorphisms (under
study with Prangya Parida).
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Thank you !
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