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COVER-FREE FAMILY

A d-cover-free family is a set system where no set is covered by the union
of d others.

DEFINITION (d-CFF(t,n))

Given d < t < n positive integers, a d-cover-free family, denoted
d-CFF(t, n), is a set system (X, B) with |X| =t and |B| = n such that for
any block Bj, and any other d blocks B;, ..., B;, € B, we have

d

Studied under different names:

©

Kautz and Singleton (1964) - superimposed codes

Erdds, Frankl and Fiiredi (1985) - cover-free families

Hwang and Sés (1987) - d-complete designs for use in group testing
Du and Hwang book on CGT: d-disjunct matrix

© 0 ©
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COVER-FREE FAMILY

A d-cover-free family is a set system where no set is covered by the union
of d others.

DEFINITION (d-CFF(t,n), ALTERNATIVE DEFINITION)

A d-CFF(t,n) is a t X n binary array such that any d + 1 columns must
contain a subarray that is a permutation matrix.

c 1 Cd

1 0 0 0 O

The goal is to construct arrays with minimum t for given n and d:

t(d,n) = min{t : 3d—CFF(¢t,n)}
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COMBINATORIAL GROUP TESTING

o ldentify d defective items from a set of n items pooled into t groups,

where t < n.

o The groups are tested, instead of all elements individually.
o Use a d-CFF(t, n):

o the n columns represent elements

o the t rows represent the groups to be tested.

1.2 3 4 5 6

»OO0DD

1 2
test, 1711000
Test 1 Test 2 Test3 Test 4 test, 100110
OO0 ODD DO OO = |orcion
test, 001011
fail fail pass pass
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COMBINATORIAL GROUP TESTING - EXAMPLE d = 2

2 defective items, 2-CFF, the "strength” isd +1=3

T
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Defective: items ?
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2 defective items, 2-CFF, the "strength” isd +1=3
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COMBINATORIAL GROUP TESTING - EXAMPLE d = 2

2 defective items, 2-CFF, the "strength” isd +1=3

item |1 2 3 4 5 6 7 8 9 10 11 12
input ? 7 | result:
tl 0 0 0 0 0 0 0 0
2 0 0 O 0 0 0 0 0
t3 10 0 001001 0 0 1]1
t4 0 0 0 0 0O 0 0
t5 01001 01 0O O O 1|1
t6 0 0 0 O 0 0 0 0
t7 0 01100010 O0 O 1/|1
t8 0 0101 00O0T1 1 0 0]1
t9 0 0100 11 00 O 1 0]1
Defective: items ?
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COMBINATORIAL GROUP TESTING - EXAMPLE d = 2

2 defective items, 2-CFF, the "strength” isd +1=3

item |1 2 3 4 5 6 7 8 9 10 11 12
input 1 1 | result:
tl 0 0 0 0 0 0 0 0
2 0 0 O 0 0 0 0 0
t3 100 001 001 0 0 1]1
t4 0 0 0 0 0O 0 0
t5 01001 0100 0 0 1]|1
t6 0 0 0 O 0 0 0 O
t7 0 01100 0 10 0 0 1]1
t8 0 01 01 0O 1 1 0 0|1
t9 0 01001100 0 1 0]1
Defective: items 3 and 12
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CFF SAMPLE HIGHLIGHT OF KNOWN RESULTS

DEFINITION (SAME AS BEFORE)

A d-cover-free family is a set system where no set is covered by the union
of d others.

1-CFF is equivalent to a Sperner system, thus by Sperner theorem:

£(1, n) = min{t - (Lt;%) > n} ~ clogn

Examples of constructions for d > 2 from designs and codes:
o any s-(v, k,1)-packing is a d-CFF(v, b) with d = L%J
o any BIBD(v, k, 1) gives a (k — 1)-CFF(v, b), where b = (V) /(%).
o any code (L, n, D)4 with gives a d-CFF(qL, n) with d = [ =5 ],

Asymptotics: There exists ¢; and ¢ such that
2

a logn < t(d,n) < cd?logn

log d
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Newsinfocus

APPLICATION: GROUP TESTING

THE MATHEMATICAL STRATEGY
D TRANSFORM

THAT COUL

CORONAVIRUS TESTING

To save time and money, several countries are using a technique called
group testing, which pools samples from many people.

By Smriti Mallapaty arealready using group testing. mixed together and tested once (see ‘Group
There are many ways to conduct group testing, Method1). Groups of samplesthattest
fentists say ing  testing
i the new ing wit ing tive, i
coronavirus under control. But, in this during a pandemic. Their ideas largely  individually. Researchers estimate the most
hat has

manyregions, there'sashortage ofthe

come from a field of

i

impler Now, inseveral

In May, officials in Wuhan, China, used
Method 1 as part of their efforts to test the
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(GROUP TESTING APPLICATION

Determine a set of up to d defective items among n items, using t tests.

0266606

Test1 L&
Test2 1 0 0 1 1 0 “ ‘b ‘. FAIL
Test3 0 1 0 1 0 1 0 ‘ ‘ PASS
Testa 0 0 1 0 1 1 & & @ PSS

Group testing using a 1-CFF(4, 6)

For non-adaptive group testing, we can use a d-CFF(t, n).

o Good when the probabilities of different items being defective are
independent.

o CFFs on hypergraphs can be better when these probabilities are
highly dependent (e.g. infectious diseases)
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COVER-FREE FAMILY ON HYPERGRAPHS
“no column is covered by the union of columns that form an edge”

DEFINITION (CFF ON HYPERGRAPH)

A CFF on a hypergraph H, denoted H-CFF(t, n), is a t x n binary matrix
so that for every edge e = {c1,...,cq} and any vertex ¢y not on the edge,
we must see the occurrence of row with [10...0] in the submatrix defined

by Cc,C1,.--,Cd-

c 1 Cd

1 0 0 0 O

When this property holds for each subset of an edge we call it an
ﬁ—CFF(t, n) 11/35



DEFINITIONS OF CFFS ON HYPERGRAPHS

Let H= (V(H), E(H)) be a hypergraph with V(H) = n and
rank(H) = max{|E| : e € E} < n.

A CFF on H is a t x n binary array satisfying one of the following
properties (depending on the CFF type being defined):

o H-CFF: for each set of columns corresponding to an edge E and each
vertex v ¢ E, there must be a row with 0...0 on the columns of E and
a 1 on the column of v.

o H-CFF: for each set of columns corresponding to S C E, for edge E,
and each vertex v € S, there must be a row with 0...0 on columns of
s and a 1 on the column of v.

o (H,r)-CFF: similar definition as H-CFF with union of up to r edges
Ei,..., E, in place of E.

o (H, r)-CFF: similar definition as H-CFF with union of up to r edges
Eq,..., E, in place of E.
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@ CFFs ON HYPERGRAPHS WITH NON-OVERLAPPING EDGES
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COMBINATORIAL GROUP TESTING (NON-OVERLAPPING CASE)
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NON-OVERLAPPING EDGES, r = 1

Let H = (V(H), E(H)) be a hypergraph such that any two edges are

disjoint.

Let n =|V(G)|, m= |E(G)|, k = rank(H).

THEOREM (IDALINO AND M. 2022)
Let t; = min{s: (szzj) > m}. Then,

o 3 H-CFF(t1, n); in addition, t; ~ ©(log m) is best possible;
o 3 H-CFF(t, n) with t = t; + k ~ ©(log m + k).

or oo okbor |
rooo obor
coor Foor G
coro Boowr
or oo Boowr
rooo rookr
coor okbrro@g
ocoro okrroO

Examples:

O 900 students = 30 classes of 30 students: 37 tests.
O 1000 people = 250 households of 4 people: 14 tests.
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NON-OVERLAPPING EDGES, r > 2

Let H = (V(H), E(H)) be a hypergraph such that any two edges are
disjoint. Let n = |V(G), m = |E(G)|, k = rank(H).
THEOREM (IDALINO AND M. 2022)
Let r > 2.
Suppose 3 r-CFF(ta, m), A1, and 3 (r — 1)-CFF(tg, m), Az. Then,
o 3 (H, r)-CFF(ta, n);
o 3 (H, r)-CFF(ta + ktg, n).

PROOF:
Let By = A1 ® Ry, where Ry = [1...1] with k columns.

Let By = A2 ® Ix. In both cases, remove some columns for e with |e| < k.

Bj is an (H,r)-CFF(ta, n), and
[ gl ] is an (H, r)-CFF(ta + ktg, n). O
2
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r =2, H= 12 DISJOINT TRIPLES OF VERTICES
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2-CFF(9, 12):
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1-CFF(6, 12):
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(H, 2)-CFF(27, 36):



NON-OVERLAPPING EDGES - ASYMPTOTICS

Define t(H, r) = min{t : 3(H,r)—CFF(t,|V(H)I|)}.

Let Hp x = hypergraph with m disjoint edges of cardinality k.

Then, for r > 2,

©(log m)

O(k + log m)
(((r +1)*log m)
(

1)? + kr®) log m)

log

o(((r +
o(((r+
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@ CFFs ON HYPERGRAPHS WITH OVERLAPPING EDGES
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CFF ON HYPERGRAPHS WITH OVERLAPPING EDGES

The high school problem
Construction

Total.
n =18 vertices, m = 12 edges with k = 3 students each, and 2 colour classes %; and &,

&6 & &6 & &6 &

88 & &8 & &8 &
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CFF ON HYPERGRAPHS WITH OVERLAPPING EDGES

The high school problem
Construction

Morning classes:
n = 18 students, 6 classrooms, 3 students each

1 2 3 7 8 9 13 14 15
& & & & & & & & &
edge 1 edge 2 edge 3
4 5 6 10 1 12 16 17 18
& & & & & & & & &
edge 4 edge 5 edge 6
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CFF ON HYPERGRAPHS WITH OVERLAPPING EDGES

The high school problem

Construction
Afternoon classes:
=18 td ( 6 classrooms, 3 students each
edge 7 edge 8 edge 9 edge 11 edge 12
4 5 6 10 11 12 16 17 18

edge 10
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CFF ON HYPERGRAPHS WITH OVERLAPPING EDGES

The high school problem
Construction

Total.
n =18 vertices, m = 12 edges with k = 3 students each, and 2 colour classes %; and &,

&6 & &6 & &6 &

88 & &8 & &8 &
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CFF ON HYPERGRAPHS WITH OVERLAPPING EDGES

~fl+oo 4 400 40 -+0 oo
“fHPHo 4o oo+ 400 0o
“dHH o -Ho oo HOo-do o-do
T #©o 1o Hoo «+Hoo oo
")+ 41O 0 o0od <O d0 doo
N+ 400 0o ++00 oo
)+ oo +400 o+ +o0oo -Hoo

Overlapping edge construction

$He H&E &8
$ee &8 4868

(8,1) = CFF(t,n)
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CFF ON HYPERGRAPHS WITH OVERLAPPING EDGES

Overlapping edge construction

101112 13 1415 16 17 18

$86886868688

0000 o0l

1111 1000l
Edges 1, 7 and 8 are infected

coflcoc Bl o cH- - HElBE -
or o ocorr OroOoOrR Ny
coflcocBlcoB Blc o o c EBI ..
Hroooorkr ocOr or oL @,
Orooror OroOORORGGH
BEEEEEE - oo ool 5 o
~ oo (lo|r o |- | lofelElimiololnldo ~

GHE H&S &8
$ee &8 4868

(8,1) = CFF(t,n)
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APPLICATION: COMBINATORIAL GROUP TESTING

Overlapping edge construction

p

Edges 1, 7 and 8 are infected,
students 4-18 are cleared out

68568858868
0000 o0l

coflcoc Bl o cH- - HElBE -

or o ocorr OroOoOrR Ny

coflcocBlcoB Bloc o - c BB .

oo oorr oorolonrd.
ocrooror oroormOR@o,
©Corroor mooomOR@,

78 9
$&&&
AR
0001
0001
HEaA o
1001
0100
0010
1 0E
0001
1001
ol lg
0001
0100
1010

& &8 &&S
&8s &8s &8&8&

(8,1) = CFF(t,n)
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APPLICATION: COMBINATORIAL GROUP TESTING

Overlapping edge construction

1 2 3 45 67 8 9 101112 13 1415 16 17 18

$88$88686888868888686888

H:l::11111%9%%

BW:Moooo00011

ooollitooonn

00000011100

Mooi100100/10
Edges 1, 7 and 8 are infected, offloo1001001 ~——— Inside each infected edge,
students 4-18 are cleared out 0 0.0 0101077 SR we can identify precisely the

infected students
l1.1111110.
1/0/1/0/0 oo o il

oofloi1010010

ololololol2lol2 2 0l

Holooi1o0007@

o/1/0/o/2/0l 02 ol

0001001010000

($,1)-CFF(t=2%x4+3),n=18) éé’ & &8 é 888
($)— CFF(f'=2x4,n=18) & &8 &8s &8&8
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DEFECT COVER AND (H, r)-CFFs

An edge is defective if it contains a defective vertex, it is non-defective,
otherwise. A set of edges is a defect cover if the set of defective vertices is
contained in the union of these edges; such a defect cover is minimal if no
proper subset is a defect cover.

The number of defective edges may be much larger than the size of a
defect cover!!!

The next proposition shows that a (H, r)-CFF's ability to detect defectives
only requires that r is an upper bound on the cardinality of a minimum
defect cover.

Proposition (ldalino and M. 2022)

Let H be a hypergraph and let r be an upper bound on the size of a
minimal defect cover.

A simple algorithm using an (H, r)-CFF determines the set of defective
items.

A simple algorithm using an (H, r)-CFF returns a defect cover of size at
most r.

y
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CONSTRUCTION 1 (3 DEFECT COVER OF SIZE 1)

An (-edge-colouring of a hypergraph H = (V(H), E(H)) is a mapping
from E(H) to {1,...,¢} such that no vertex is incident to more than one
edge mapping to the same colour.

Let Hi, Ha, ..., H; be the hypergraphs on V(H) with edges consisting of
each colour class.

THEOREM (IDALINO AND M. 2022; DEFECT COVER SIZE r = 1)

Foreachi, 1 <</,

let ki = rank(H;) max{|e| : e € E(H;)},

let f; = |E(H;)| + 0; , where 6; = 0 if the E(H;) spans [1, n] and 6; = 1, ow.
Fori=1,2,...,¢, use previous theorem to build (H;,1)-CFF(t; + k;, n)
and (H;,1)-CFF(t; + ki, n), where t; = min{s : (L572J) > fi}.

Then,

the horiz. pasting of all (H;,1)-CFFs gives (H, 1)—CFF(Z:,€:1 ti,n); and
the horiz. pasting of all (H;,1)-CFFs gives (H, 1)—CFF(Zf:1(t,' + ki), n).
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CFF ON HYPERGRAPHS (OVERLAPPING EDGES r = 1)

Overlapping edge construction

1 2 3 45 67 8 9 101112 13 1415 16 17 18

$88$88686888868888686888

H:l::11111%9%%

BW:Moooo00011

ooollitooonn

00000011100

Mooi100100/10
Edges 1, 7 and 8 are infected, offloo1001001 ~——— Inside each infected edge,
students 4-18 are cleared out 0 0.0 0101077 SR we can identify precisely the

infected students
l1.1111110.
1/0/1/0/0 oo o il

oofloi1010010

ololololol2lol2 2 0l

Holooi1o0007@

o/1/0/o/2/0l 02 ol

0001001010000

($,1)-CFF(t=2%x4+3),n=18) éé’ & &8 é 888
($)— CFF(f'=2x4,n=18) & &8 &8s &8&8
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CONSTRUCTION 2 (IDEFECT COVER OF SIZE r, r > 2)

A strong edge-coloring of a hypergraph H is an edge-coloring such that
any two vertices belonging to distinct edges with the same colour are not
adjacent.

THEOREM (IDALINO AND M. 2022; DEFECT COVER SIZE r > 2)

Let H be a hypergraph and let r > 2 be an upper bound on the number of
edges of a minimal defective cover.

Let Hi, Ha, ..., Hs be the hypergraphs on V(H) and sets of edges equal
each colour class of an s-strong-edge-colouring of H.

Let ki = max{|S|: S € E(H;)} and let m; = |E(H;)|.

Then, there exists an (H, r)-CFF(t, n) with

t < i(t(r, m;) + ki - t(r — 1, m;)).
i=1

t(Hk,ms,r) = O(s - k - r?. log Mpmax)
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OVERLAPPING EDGES, r > 2 AND STRONG COLOURING

0123456789
1100000000
0000010110
1000000000
0100000000
0000010000
0000000100
0000000010
0111000000
0000011000
0100000000
0010000000
0001000000
0000010000
0000001000
0001100000
0000000111
0001000000
0000100000
0000000100
0000000010
0000000001

0000110000
1000000001
0000100000
0000010000
1000000000
0000000001

M1

N1

M2

N2

M3

N3

M4

N4
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CONSECUTIVE HYPERGRAPH (DIMENSION 2)

Erample 5. Consider a venue with 4356 people sitting in a square auditorium of
66 rows with 66 seats per row. Edges are sets of individuals sitting nearby. We
consider edges of size 9 consisting of all possible contiguous 3 x 3 squares. There
is a strong colouring with £ = 36 colour classes of 11 x 11 = 121 edges each: we
need 4 colours to “tile” the room with edges and 9 such tilings to cover all edges.
Thm. 5 constrution vertically concatenates matrices My, . .., Mag, Ny, ..., Nag.
For each colour class i, we use a 2-CFF(25,125) using the polynomial con-
struction from Proposition 8§ for ¢ = 5 and k = 2 to build each M;, totalling
36 x 25 = 900 tests. For Ny,..., Nag, each of which is supposed to be a 1-
CFF(t,121) multiplied by To, we use instead a single matrix N built as follows.
Take A as a 1-CFF(12,484) obtained from the Sperner construction and do
N = A®Iy with 108 rows. Carefully assign vertices in the grid to the columns of
matrix NV so that each 3 x 3 square corresponds to a block of identity matrix Ig
in a tiling fashion. This is enough to identify each non-defective vertex that lies
inside one of the two defective edges, which is the purpose of N. Therefore with
a total of 1008 tests we can screen 4356 people for any 18 infected people that
appear within any 2 regions of size 3 x 3. See pictures for this example in [18].

Repeat the following pattern 9 times (total

@)
@)
@)
@)
@)
@)
@)
@)
@)

w OO0 OO0 0O0O0

6

000|000 |0O0OO0
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OO0 OO0 00O
OO0 OO0 00O
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o
o

c
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o
o
o
o
[0
o
o
o
o
o
[0
o

O Q|0 OO0 © OO0 © 0|0
O OO O OJ0 O OO O 0|0
O 0|0 0 0O|0 O Qo 0 O|0
O 0|0 0 0|0 O Qo 0 0|0
0 0J0 0 0J0 O glo 0 0|0

OO0 000 OO0 00O
O Q|0 OO0 © OO0 © 0|0

o
[¢]
O
[e]
[e]

[eleNe] [ [eNeNe]) ol oNe] (el oNe)

000000

(o) e)e)[[eReXe] IeNoXe]l [eNeXe)

[elelNe /| feNeNe] NoloNe! ol oNe)

OO0OQl0OO0O0|00OQ|0 OO0

[ele)e/|feNeXe] KeloXe [eNeXe)

[eNeNe /| feNeNe] NeloNe! ol oNe)

000000000000
O 00000000000

[elele /| foleNe] NeloNe! ol oNe)

[elele /| foleNe] NeloNe! ol oNe)

000000000000

(H,2)-CFF(900,4356) can be built from 36 copies of 2-CFF(25, 125)

lasses):
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CONSECUTIVE HYPERGRAPH (DIMENSION 2), CONT’D

But we can improve the construction of H-CFF, for the consecutive

hypergraph.
Use a vertex colour with kK = 9 colours:

el vertices e colours ..
E 1 2 3|4 5|6 7 8 |9 E 12 3(1 231 23
5676869707172737475 5456456456
E 133 (134 135|136 [137]138 139 140 141 i 718 9|7 |8|9 7 8|9
E 199 200 201 202 (203 204 205 206 207 i 112 3 12 31 2 3
i 265 266 267 268 269 270 271272 273 é 4 5§ 6 4 5 6 4 5 6

7 8 9 7 8 97 8 9

| 331 332 333 334 335336 337 338 339
1

An (H,2)-CFF(1008,4356) can be built from:
36*((H,2)-CFF(25,125)) (900 rows)
+ 1-CFF(12,484) ® Io (108 rows)

In general, we reduce t(H,r) from s x (t(r,n/k) + k x t(r — 1,n/k)) to
sx t(r,n/k) + k x t(r —1,n/k).
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ONGOING RESEARCH AND FUTURE WORK

More research is required for the overlapping case.
o Strong colouring can be prohibitively large, so we also need
constructions that don’t use strong colouring.

o New constructions can decrease the number of rows for special classes
of hypergraphs, like we did for consecutive hypergraphs.

o We plan to extend the model with a limit of d defective items inside
an edge.

o We are studying constructions for products of hypergraphs, and
characterizations via directed-hypergraph homomorphisms (under
study with Prangya Parida).
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Thank you !
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