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q prime power

V (n + 1)-dimensional vector space over Fq

PG(n, q) projective space

AG(n, q) affine space

cap of PG(n, q):

set of points of PG(n, q) at most two on a line

arc of PG(n, q):

set of points of PG(n, q) at most n in a hyperplane
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J.W.P. Hirschfeld, Maximum sets in finite projective spaces, 1983.

pointset X in PG(n, q) is called (|X |; t, s, n, q)-set
i) at most t points of X are in an s-space

ii) ⟨X ⟩ = PG(n, q)

iii) there is an (s + 1)-space of PG(n, q) with t + 2 points of X .

r -general set X in PG(n, q), r ≥ 3, ←→ (|X |; r − 1, r − 2, n, q)-set

any r points of X are in general position

3-general set ←→ cap

(n + 1)-general set ←→ arc

X is complete or maximal if it is maximal w.r.t. set theoretical
inclusion
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Linear codes

[N, k]q code C: k-dim. vector subspace of FN
q

u = (u1, . . . , uN), v = (v1, . . . , vN) ∈ FN
q ,

supp(u) = {i : ui ̸= 0} support of u,
d(u, v) = |supp(u − v)| Hamming distance,

w(u) = |supp(u)| weight of u.

d(C) = min{w(u) : 0 ̸= u ∈ C} minimum distance of C
t =

⌊
d−1
2

⌋
t-error correcting code

ρ(C) covering radius of C

∀ u ∈ FN
q , ∃ v ∈ C : d(u, v) ≤ ρ,

[N, k]qρ-code

generator matrix of C: its rows form a basis of C
parity check matrix of C: generator matrix of C⊥
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Linear codes

r -general set X ←→ columns of a parity check matrix

of PG(n, q) of size m H of an [m,m − n − 1]q code C

d(C) smallest number of linearly dependent columns of H

r-general set =⇒ d(C) = r + 1

X complete =⇒ ρ(C) = r − 1

complete r -general set =⇒ [m,m − n − 1]q code C,
of PG(n, q) of size m ρ(C) = r − 1, d(C) = r + 1.
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Statistics

designing confounded factorial experiments

R.C. Bose, Mathematical theory of the symmetrical factorial design,
1947.

C.R. Rao, Factorial experiments derivable from combinatorial
arrangements of arrays, 1947.

“maximum number of factors that may be accommodated in
constructing a design with a given constant block size and a given

value of r , such that all effects involving r or less factors are
confounded”
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Mr−1(n, q) size of the largest r -general set in PG(n, q)

X is an r-general set =⇒ X is a k-general set, k = 3, . . . , r − 1

r even
Any point outside X lies on at most one (r − 2)/2-space spanned
by points of X

|X |+
(
|X |
2

)
(q − 1) + · · ·+

(
|X |
r
2

)
(q − 1)

r−2
2 ≤ qn+1 − 1

q − 1

r odd
Any point outside X lies on at most one (r − 1)/2-space spanned
by points of X and through a fixed point of X

|X |+ · · ·+
(
|X |
r−1
2

)
(q − 1)

r−3
2 +

(
|X | − 1

r−1
2

)
(q − 1)

r−1
2 ≤ qn+1 − 1

q − 1
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J.W.P. Hirschfeld, L. Storme, The packing problem in statistics,
coding theory and finite projective spaces: update 2001.

M2(n, 2) = 2n,

M2(2, q) =

{
q + 1 q odd,

q + 2 q even,

M2(3, q) = q2 + 1, q > 2,

M2(4, 3) = 20, M2(5, 3) = 56, M2(4, 4) = 41.

M2(n, q) <

{
qn−1 − 1

4q
n−3/2 + 2qn−2 q odd,

qn−1 − 2qn−2 + lower degree terms q even.

M2(n, q) >


q

2n
3 n ≡ 0 (mod 3),

2q
2n−2

3 n ≡ 1 (mod 3),

q
2n−1

3 n ≡ 2 (mod 3).

Problem: find large caps in PG(n, q), n ≥ 4, q > 2.
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F.P. 202?

M3(n, q) ≤
√

8qn+1+q2−6q+1+q−3
2(q−1) ≈

√
2q

n−1
2 .

Equality holds iff

i) an elliptic quadric of PG(3, 2),
ii) the 11-cap of PG(4, 3).

M3(3, q) = max{5, q + 1},

M3(4, 2) = 6, M3(5, 2) = 8, M3(6, 2) = 11, M3(7, 2) = 17,

R. Hill, Packing problems in Galois geometries over GF(3), 1978.

M3(4, 3) = 11, M3(5, 3) = 13 .

M3(nt, q) ≥ M3(n, q
t),

M3(3t, q) ≥ qt + 1,

M3(7, q) ≥ q3 + 1, M3(7t, q) ≥ q3t + 1.
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Cyclic model of PG(n, q)

ω primitive element of Fqn+1

⟨1⟩, ⟨ω⟩, . . . , ⟨ω
qn+1−1

q−1
−1⟩ points of PG(n, q)

⟨x⟩, ⟨y⟩ are the same point ⇐⇒ x/y ∈ Fq

⟨x⟩, ⟨y⟩, ⟨z⟩ are on a line ⇐⇒ ax + by = z for some a, b ∈ Fq

⟨x⟩, ⟨y⟩, ⟨z⟩, ⟨t⟩ are on a plane ⇐⇒ ax + by + cz = t for some
a, b, c ∈ Fq

NM = qn+1−1
q−1

ωi 7→ ωiN

cyclic group of order M

θi =
{
⟨ωi+sN⟩ | s = 0, . . . ,M − 1

}
, i = 0, . . . ,N − 1.
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⟨x⟩, ⟨y⟩, ⟨z⟩ are on a line ⇐⇒ ax + by = z for some a, b ∈ Fq

⟨x⟩, ⟨y⟩, ⟨z⟩, ⟨t⟩ are on a plane ⇐⇒ ax + by + cz = t for some
a, b, c ∈ Fq

NM = qn+1−1
q−1

ωi 7→ ωiN

cyclic group of order M

θi =
{
⟨ωi+sN⟩ | s = 0, . . . ,M − 1

}
, i = 0, . . . ,N − 1.
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Large complete 4-general set over small fields

θ0 =
{
⟨ωi ⟩ | ωi(q−1)M = 1

}
.

θ0 is a complete 4-general set in:

i) PG(4d − 1, 2), with M = 22d + 1,

ii) PG(2d − 1, 3), with M = 3d+1
2 ,

iii) PG(2d , 4), with M = 22d+1+1
3 .

22d + 1 ≤ M3(4d − 1, 2) ≤
√

8·24d−7−1
2 .

3d+1
2 ≤ M3(2d − 1, 3) ≤

√
32d−1

2 .

22d+1+1
3 ≤ M3(2d , 4) ≤

√
8·42d+1−7+1

6 .

M3(5, 3) ≥ 14.

M3(3, 2) = 5, M3(7, 2) = 17.
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4-general sets in AG(n, 2) and Sidon sets of Fn
2

S is a Sidon set in Fn
2 ⇐⇒ ∀x , y , z , t ∈ S pairwise distinct,
x + y ̸= z + t.

X is a 4-general set in AG(n, 2) ⇐⇒ X contains no affine
plane

M. Tait, R. Won, Improved bounds on sizes of generalized caps in
AG(n, q), 2021.

4-general set in AG(n, 2) ⇐⇒ Sidon set in Fn
2

I. Czerwinski, A. Pott, Sidon sets, sum-free sets and linear codes,
202?.

# 4-general set in AG(4d − 1, 2) ≤ 22d − 2

Conjecture
M3(4d − 1, 2) = 22d + 1
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Problem: are there 4-general sets in PG(n, q) of order q
n−1
2 ?

n = 3: twisted cubic or (q + 1)-arcs,

n = 7: O = {(1, x , xq2+q, xq
2+q+1) : x ∈ Fq3} ∪ {(0, 0, 0, 1)},

O ⊂ Fq × Fq3 × Fq3 × Fq, fixed by G ≃ PGL(2, q3),
G has 4 orbits on points of PG(7, q),

O is complete.

M3(4, q) ≥

{
q + ⌈2√q⌉ q = pr , r ≥ 3 odd, p|⌈2√q⌉,
q + ⌈2√q⌉+ 1 otherwise.

There is a transitive 4-general set in PG(5, q), q ≡ 1 (mod 3), of
size 3(q + 1) that is the union of three twisted cubic.

M3(5, 5) ≥ 28

{(1, x , y , 2xy , x2 + 2y2, x3 + x2y + xy2 − y3) | x , y ∈ F5}
∪{(0, 0, 0, 1, 0, 0), (0, 0, 0, 1, 2, 0), (0, 0, 0, 0, 0, 1)}.
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+ 2, n, q even,

5
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+ 2, n odd, q even

D. Bartoli, M. Giulietti, G. Marino, O. Polverino 2018

T2(n, q) ≤ 3q
n−1
2 + 4q
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n−2
2 −1
q−1

)
, q even square

A. Cossidente, B. Csajbók, G. Marino, F. P. 2023

T2(n, q) ≤ 2
(
q

n−1
2 + · · ·+ q + 1
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, n ≡ 1 (mod 4).

Problem: find complete caps of PG(n, q) of small size

order of magnitude cq
n−1
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A fruitful setting

P(a, b) =
(
a, b, aq, bq, . . . , aq

d−1
, bq

d−1
)
, a, b ∈ Fqd

V =
{
P(a, b) : a, b ∈ Fqd

}
⊂ F2d

qd

2d-dimensional Fq-vector space

PG(V ) ≃ PG(2d − 1, q)

Π1 =
{
P(0, b) : b ∈ Fqd \ {0}

}
≃ PG(d − 1, q)

Π2 =
{
P(a, 0) : a ∈ Fqd \ {0}

}
≃ PG(d − 1, q)
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Large complete 4-general set in PG(2d − 1, 4)

q = 4

P(a, b) ∈ V 7→ P(ηa, η−2b) ∈ V

Uω :=
{
P(x , ωx−2) : x ∈ F4d \ {0}

}
⊂ PG(V ),

ω ∈ F4d \ {0}
|Π1| = |Π2| = |Uω| = 4d−1

3

A partition of the points of PG(V )

Π1 ∪ Π2 ∪ω∈F
qd\{0}

Uω

The set Uω is a complete 4-general set of PG(2d − 1, 4) of size
4d−1
3 .

4d−1
3 ≤ M3(2d − 1, 4) ≤

√
8·42d−7+1

6 .
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Small caps in PG(2d − 1, q), d odd, q > 2

P(a, b) ∈ V 7→ P(η2a, ηq+1b) ∈ V

Vω :=
{
P(x2, ωxq+1) : x ∈ Fqd \ {0}

}
⊂ PG(V ),

ω ∈ Fqd \ {0}

|Π1| = |Π2| = |Vω| = qd−1
q−1

A partition of the points of PG(V )

Π1 ∪ Π2 ∪ω∈F
qd\{0}

Vω

α = −1 if q odd or α ∈ Fq \ {0, 1} if q is even

X = V1 ∪ Vα

The set X is a complete cap of PG(2d − 1, 4) of size 2(qd−1)
q−1 .

√
2qd−1 ≤ T2(2d − 1, q) ≤ 2(qd−1 + · · ·+ q + 1).
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Ṽω projection of Vω,α2,...,α d−1
2

from ⟨Π̃2, . . . , Π̃ d−1
2
⟩ onto ⟨Π̃0, Π̃1⟩
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