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Motivation and definitions

A design with parameters t − (v , k, λ) is a collection B of k-element
subsets (blocks) of a v -element set P, such that each t-element subset of
P is contained in exactly λ blocks from B.

Definition
Let V be a n-dimensional vector space over Fq. The pair (V , H) is a

t − (n, k, λ)q design if H ⊆
[
V
k

]
q

and if for every T ∈
[
V
t

]
q

there are

exactly λ subspaces H ∈ H such that T ≤ H.
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Motivation and definitions

V will denote an n-dimensional vector space over a finite field Fq

The set of all s-dimensional subspaces of V will be denoted by
[
V
s

]
q

Let H ⊆
[
V
k

]
q

and let M < V be an arbitrary hyperplane

then we define HM = {H ∈ H | H ≤ M}.

Let W ≤ V be an arbitrary 1-dimensional subspace,

then we define HW = {H ∈ H | W ≤ H}.
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The main definition

Definition:

Let H ⊆
[
V
k

]
q
. The incidence structures (H, Dmax (H)) and (H, Dmin(H))

are given with their respective blocks,
Dmax (H) = {HM | M ≤ V , dim M = n − 1} and
Dmin(H) = {HW | W ≤ V , dim W = 1}.

Dmin(H) and Dmax (H) stand as two extreme antipodes mutually
connected with some arbitrary subset H of k-dimensional subspaces of V .

The main goal is to establish the connection between their respective
incidence matrices,

especially in the case when H is a t − (n, k, λ)q design.
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Derived and Residual design

Let W ∈
[V

1
]
q. The derived design DerW (H) is defined as

DerW (H) = (V /W , {H/W | W ≤ H ∈ H}).

The residual design is defined as ResM(H) = (M, {H | H ∈ H, H ≤ M})
for some M ∈

[ V
n−1

]
q.

Notice that DerW (H) = (V /W , HW /W ), where
HW /W = {H/W | H ∈ HW }. Furthermore,

ResM(H) = (M, HM).
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Duality of Dmax(H) and Dmin(H)

Let H = {Hj | j = 1, . . . , m}, where m = |H|.

Let
[V

1
]
q = {Wi | i = 1, . . . ,

[n
1
]
q} and

[ V
n−1

]
q = {Mi | i = 1, . . . ,

[n
1
]
q}.

Matrices A = (Aij) and B = (Bij), with the entries from the set {0, 1},

where Aij = 1 if Wi ≤ Hj and Bij = 1 if Hj ≤ Mi are

incidence matrices of incidence structures Dmin(H) and Dmax (H).

Let C = (Cij) be a matrix, with the entries from the set {0, 1}, such that
Cij = 1 if Mj ∩ Wi = {0} (trivial intersection).
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Duality of Dmax(H) and Dmin(H)

Theorem (duality):
Let H ⊆

[V
k

]
q, where A and B are incidence matrices of Dmin(H) and

Dmax (H). Then the following holds:

label=() A = J − 1
qn−k−1 CB,

lbbel=() B = J − 1
qk−1 C tA.

the following holds (in the group ring Q[V ]):

HMi = H − 1
qk−1

∑
Wj ∩Mi ={0}

HWj , HWj = H − 1
qn−k−1

∑
Wj ∩Mi ={0}

HMi .
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Duality of Dmax(H) and Dmin(H)

Theorem (duality):
Let H ⊆

[V
k

]
q, where A and B are incidence matrices of Dmin(H) and

Dmax (H). Then in the group ring Q[V ] the following holds:

Dmax (H) + qn−kDmin(H) =
[
n
1

]
q
H.

Using the results from M. Kiermaier, M.-O. Pavčević, Intersection
Numbers For Subspace Designs, Journal of Combinatorial Designs, (23),
11 (2015), pp 463-480

|H| = λ

[
n
t

]
q
/

[
k
t

]
q
, |HWj | = λ

[
n − 1
t − 1

]
q
/

[
k − 1
t − 1

]
q
, and

|HWj ∩ HWs | = λ

[
n − 2
t − 2

]
q
/

[
k − 2
t − 2

]
q
, where Wj ̸= Ws .
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Duality and incidence matrices

Theorem:
Let H be a t − (n, k, λ)q. The incidence matrix A of Dmin(H) satisfies the
following:

label=() AAt = (α1 − α2)λI + α2λJ ,

lbbel=() JA =
[
k
1

]
q
J .

Lemma:
If H is a t − (n, k, λ)q design and M is a hyperplane, then

|HM | = (α0 − α1)
qk · λ. If M and N are distinct hyperplanes, then

|HM ∩ HN | =
[n−2

k
]
q[n−t

k−t
]
q

· λ.
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Duality and incidence matrices

Theorem:
Let H be a t − (n, k, λ)q design. The incidence matrix B of Dmax (H)
satisfies the following:

label=() BBt = λ(α0 − β)I + βλJ , where β =
[n−2

k
]
q/

[n−t
k−t

]
q,

lbbel=() JB =
[
n − k

1

]
q
J .

Thank you!
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